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1. Introduction
The Weinberg-Salam theory is a quantum field theory that explain successfully two of the
four known interactions of the nature, the electromagnetic and the weak interactions. The
strong interaction is widely believed to be described by quantum chromodynamics, which is a
theory that fits successfully with deep inelastic lepton nucleon scattering data. The remaining
interaction, namely gravity, is believed to be described at classical level, by Einstein’s General
Theory of Relativity. The Weinberg-Salam model plus quantum chromodynamics and Einstein
gravity are incompatible for small distances or, which is the same, for high energy scales of the
order of the Planck mass Mpl ≈ 1019 GeV. The physics at this scale of energy is not known yet.
Superstring theory attempts to explain the physical phenomena at this scale. The present
work deals with applications of manifolds with reduced holonomy to supersymmetric and su-
perstring theories. The problem of classifying the possible holonomy groups for Riemannian
and pseudo Riemannian spaces was possed by Cartan in [2] and partially solved by Berger in
[1], who presented a list of all the possible holonomy groups. Two special cases of this list,
relevant for are purposes, are the quaternion Kahler and hyperkahler spaces. By definition
these spaces are 4n-dimensional with holonomies included in the Lie groups Sp(n)×Sp(1) and
Sp(n), respectively. Some of their properties has been investigated in [3], [4], and [5] but they
are not completely classified at the present.
It is convenient to explain what we mean when we speak about an holonomy group. Consider
a field ψ defined over a given point p on a n-dimensional manifold M , and let us parallel
transport it around a given closed curve γ. In general the result of this transport will be a new
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field ψγ at p that is different than the original one ψ. Let us define the transformation matrix
Hγ by
ψγ = Hγψ. (1.1)
If we take into account all the possible closed C1-piecewise curves passing through the point p
it can be shown that the corresponding matrices H(p) form a group. This is the full holonomy
group of the manifold at the point p and is a subgroup of the orthogonal group O(n). If instead
we consider only curves γ that are contractible to a point, we will obtain the so called restricted
holonomy group H0(p) which is a subgroup of SO(n).
If we change from the point p to a point q and fix some C1-piecewise curve β connecting
both point we will have the transformation
H(q) = A(β)H(p)A(β)−1
and the same for H0(p). The matrix A belongs to the holonomy group H(p) and it follows
that H(p) and H(q) are isomorphic. Therefore we can talk about holonomy groups without
reference to some specific point p. An space is orientable if and only if the holonomy group is
in SO(n). If the fundamental group π1(M) = 0, then H = H
0. We recall that there exist non
simply connected manifolds for which π1(M) = 0, an example is the flat tori [6].
From the definition of the curvature tensor Rabcd [7] it is known the variation of ψ under an
infinitesimal closed curve γ is given by
δψ = GabδA
abψ. (1.2)
Here Aab is the area spanned by the curve γ and Gab = Rabcdγ
cd being γcd some generators
of SO(n) in the representation of the field (for applications to string theory we deal usually
with spinor fields ψ, but this is not important in our discussion). Then it is clear that the
”infinitesimal” holonomy group H i is determined completely by the curvature tensor. Under
infinitesimal parallel transport ψ satisfies
∂iψ = −ωiabγabψ, (1.3)
being ωab the spin connection defined by
dea + ωab ∧ eb = 0.
From (1.3) we infer that the transformation around a (not necessarily infinitesimal) curve γ is
given by the operator
U(γ) = P exp(−
∫
γ
ωiabγ
abdxi) (1.4)
where P denote path-ordering of the exponential [8]. By considering all this curves we obtain
the full holonomy group, which could be larger than the infinitesimal one.
If the curve γ is homotopic to the identity then the matrices U(γ) are generically in SO(n)
with the tangent indices of ωab taking values in the Lie algebra so(n). But there exists infinitely
many examples in which the holonomy is reduced to a subgroup of SO(n). A characteristic
feature of this reduction is the presence of globally defined tensors α that are invariant under
parallel transport. This property is equivalent to the annulation of their covariant derivative,
i.e, Dα = 0 [6]. A globally parallel transported field is an analogous concept of an invariant
subspace for the Lie group SO(n). The presence of an invariant subspace implies the reduction
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of SO(n) to another Lie group with lower dimension. A common feature of reduced holonomy
is in general the presence of covariantly constant p-forms that play an analog role than those
invariant subspaces. For instance in D = 4 we have the isomorphism SO(4) ≃ SU(2)L ×
SU(2)R, and SU(2) holonomy spaces are characterized by a covariantly constant right-handed
(or left-handed) spinor ǫR defined over the whole manifold. The presence of ǫR implies that the
curvature is self-dual and that there exist a rotation of the frame taking the anti-self-dual part
of ωab to zero. Examples with self-dual curvature are the Eguchi-Hanson and Taub-Nut spaces.
Also for G2 holonomy manifolds one can choose an orthogonal frame e
i in which the octonionic
3-form
Φ = e1 ∧ e2 ∧ e7 + e1 ∧ e3 ∧ e6 + e1 ∧ e4 ∧ e5 + e2 ∧ e3 ∧ e5 + e4 ∧ e2 ∧ e6
+ e3 ∧ e4 ∧ e7 + e5 ∧ e6 ∧ e7
and its dual ∗Φ are closed [9]. This forms are indeed invariant under the action of G2 and their
closure is equivalent to the presence of a spinor η such that Diη = 0. We also recall that G2 is
indeed a subgroup of SO(7) with a one dimensional invariant subspace (as the space generated
by η).
During the last twenty years it became clear that quaternion Kahler and hyperkahler geom-
etry is an effective tool in field theory with and without the presence of supersymmetries. For
example the moduli space of magnetic monopoles and the moduli space of Yang-Mills instan-
tons in flat space are hyperkahler [10] , [11]. Hyperkahler geometry also describe the couplings
of supersymmetric sigma models with N=4 rigid supersymmetries [12],[13] and [44]. If a Wess-
Zumino type term is included, then the resulting geometry will be hyperkahler torsion (HKT)
[95]. When the supersymmetry is local the hypermultiplets appears coupled to gravity and
the resulting target space is a quaternionic Kahler manifold [14]. Quaternionic manifolds also
characterize the hypermultiplet geometry of classical and perturbative moduli spaces of type II
strings compactified on a Calabi-Yau manifold [137], and even taking into account non pertur-
bative corrections due to D-instantons [173]. Therefore there appears an interesting problem to
construct quaternion Kahler spaces with singularities [132]. Other applications of this geometry
can be found in [15]-[20] and references therein.
One of the latest achievements for constructing this type of manifolds is the hyperkahler
quotient [12], [21], a simple example of this quotient is realized in the ADHM construction [11].
This is a construction of hyperkahler manifolds of a given dimension taking the quotient of
a higher dimensional hyperkahler one by certain group generating tri-holomorphic isometries,
and it have a physical origin related to dualities in supersymmetric sigma models [12]. A sort
of inverse method is due to Swann [22] who shows how a quaternionic Kahler metric in D=4n
can be extended to a quaternionic Kahler and hyperkahler examples in D=4(n+1). The Swann
construction was applied recently to construct hyperkahler cones in [23], relevant in theories
with N=2 rigid supersymmetries, and to construct certain scalar manifolds in M-theory on a
Calabi-Yau threefold in the vicinity of a flop transition [24].
Hypergeometry (that is quaternion Kahler and hyperkahler geometry) is not the only case of
the Berger list with applications in modern theoretical physics. Spaces of SU(3), G2 and Spin(7)
holonomy play a crucial role as internal spaces of heterotic string and M-theory preserving
certain amount of supersymmetries [25], [26]. The main feature of such manifolds is the presence
of parallel spinors fields ηi. The number of supersymmetries preserved by the usual Kaluza-
Klein reduction is related to the number of such spinors over the internal space. In general, if
a given Riemannian metric with dimension n admits at least one covariantly constant spinor
η satisfying Diη = 0 the holonomy group will be SU(
n
2
), Sp(n
4
), G2 or Spin(7). The last two
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cases corresponds to seven and eight dimensions. For G2 (and Spin(7)) holonomy manifolds
there is exactly one η.
In fact after the completion of the Berger work it remained as an open question the existence
of metrics with exceptional holonomies G2 and Spin(7). This problem was solved by Bryant
and Salamon thirty years after the appearance of the Berger list [27]. They showed that such
spaces indeed exist by providing a family of examples [29]. The construction of this family was
based on an interesting link between quaternion kahler and special holonomy spaces. This link
allows to find a large class of spaces with special holonomy as extensions of four dimensional
quaternion Kahler manifolds. This is called the Bryant-Salamon extension, and has certain
analogies with the Swann one.
Spaces with special holonomy has vanishing Ricci tensor, i.e, they are Ricci-flat. Their
curvature tensor Rabcd satisfies a generalization of self-duality condition to D = 7 namely
Rab = ±cabcd
2
Rcd.
The octonion constants cabcd in D = 7 play an analogous role of the Kronecker symbols εabcd in
D = 4. Self-duality implies Ricci-flatness and G2 restricted holonomy [93] (analogous consid-
erations hold in eight dimensions for Spin(7)). Although self-duality gives a non linear system
of equations they have been solved in cases with suitable symmetries [9].
After the Bryant work explicit compact and non-compact G2 holonomy metrics were con-
structed in [28] and [29], and complete ones in [30] and [31]. Recently, new examples have
been found in [32], [33], [34], [36], [37], [38] and [35]. There are in the literature examples
of ”weak G2 holonomy” [26], which are again backgrounds of the M-theory that give rise to
N=1 supersymmetry in D = 4. In this case, there is an spinor field η which is not covariantly
constant but satisfies Diη ∼ λγiη. The Ricci flatness condition is replaced by Rij ∼ λgij. In the
limit λ→ 0 one obtain G2 as restricted holonomy group. Hitchin has shown that under certain
conditions is possible to construct this kind of manifolds starting with an Spin(7) holonomy
one [39]. Physically weak G2 spaces are supersymmetric backgrounds in presence of fluxes.
Although there is a big progress in the study of special holonomy spaces, there are also some
open problems, in particular related to Kaluza-Klein theories. A realistic compactification of
M-theory should give rise to chiral matter and this can not be obtained by applying Kaluza-
Klein procedure over G2 smooth manifolds [40]. In the smooth case the harmonic Kaluza-Klein
decomposition of the eleven-dimensional supergravity is the N=1 four dimensional supergravity
coupled Abelian vector multiplets. But the chiral matter fields can emerge only if the manifold
develops a singularity, as pointed out by Witten and Acharya in [41] and [42]. It turns out that
to obtain a realistic model one should investigate the dynamics of the M-theory over orbifolds.
Another request is that the internal space should be compact. The existence of compact spaces
with special holonomy and orbifold singularities was proved rigorously by Joyce in [32]. But
no explicit metric over such spaces is known yet.
Fortunately, some examples with weak G2 holonomy that are compact and admitting certain
kind of singularities are known [43]. Moreover Witten has shown that the physics near a
singularity is local in essence and independent on the global properties of the internal space
[95]. For this reason there is still much interest in construct special holonomy manifolds with
conical singularities without the restriction to be compact.
It should be mentioned that the study of explicit metrics with exceptional holonomy has
also importance in the context of dualities of string theory and M-theory [100]-[103]. Also gen-
eralizations of the work of Acharya and Witten on singular G2 spaces were investigated recently
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in [96], and over complete spaces with torus symmetry and admitting only orbifold singularities
in [97] and [98]. Moreover compact G2-holonomy spaces with orbifold singularities are believed
to arise as quotients of a certain conical hyperkahler manifold in D=8 by one of its isometries
[42], thus providing a new link between special holonomy manifolds and hypergeometry. The
range of applications of this topic is very wide; some of them can be found in [106]-[124].
The purpose of this dissertation
This dissertation is based on the works of the author during his studies in order to get the
degree of Candidate in Sciences [189],[190], [191] and [192] and is related to applications of
reduced holonomy manifolds and hyperkahler torsion geometry to string and M-theory. Our
aim is the following:
a) To show that in four dimensions weak hyperkahler torsion structures are the same than
hypercomplex structures, and also equivalent to certain self-dual structures considered by Ple-
banski and Finley [192].
b) To find the most general form for a weak hyperkahler torsion metric in four dimensions
and discuss some particular examples [192].
c) To construct the hyperkahler target space metric corresponding to several matter hy-
permultiplets of type IIA superstring compactified on a Calabi-Yau threefold, even taking into
account the D-instanton contributions, by imposing the physical requirements due to Vafa and
Ooguri to a generic 4n dimensional hyperkahler metric [191].
d) To construct a family of toric hyperkahler spaces with tri-holomorphic killing vectors
in eight dimensions. To lift the result to new eleven dimensional backgrounds not related to
D-brane solutions. To find new IIA backgrounds by reduction along one of the isometries and
new IIB backgrounds by use of dualities [190].
e) To construct a family of toric G2 holonomy manifold and SU(3) torsion structures with
two commuting isometries [189]. To lift the result to new eleven dimensional backgrounds. To
find IIA backgrounds by reduction along one of the isometries and IIB backgrounds by use of
dualities [190].
The structure of this dissertation
In the preliminary material we explain in detail the elementary features about hyperkahler
geometry, hypercomplex structures, quaternion Kahler spaces, G2 and Spin(7) holonomy man-
ifolds. The results of this section are rather mathematical and not original at all, but the
presentation is new. We consider of great importance to make clear certain mathematical
features in simple language. In section 2.1.1 we present the most important features about
quaternion Kahler and hyperkahler geometry in dimension higher than four. In section 2.1.2
we show that in four dimensions any quaternion Kahler space is self-dual Einstein. In section 2.2
we give definition of an hypercomplex structures. In this context we review in section 2.3 four
dimensional hyperkahler geometry, in particular the Ashtekar-Jacobson-Smolin and Plebanski
formulations. This part is importance for the points a) and b) mentioned above. Hyperkahler
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spaces with isometries are presented in section 2.4, in particular it is reviewed the Boyer-Finley
classification of the possible Killing vectors for this geometry. It is also remarked a geometrical
interpretation for the integrability of the axial SU(∞) Toda equation that naturally appears in
this context. In section 2.4.3 it is presented a one to one link between self-dual conformal struc-
tures and Einstein-Weyl structures, which is known as the Jones-Tod correspondence. We also
present in section 2.4.4 the most general self-dual structures with two commuting isometries
that are non conformal to an hyperkahler space namely, the Joyce spaces. The other part of
section 2.4 present the subcases of the Joyce spaces that are Einstein, and therefore quaternion
Kahler. This are the Calderbank-Pedersen spaces, which play an important role in the present
dissertation, in particular for the points d) and e).
Section 2.5 concerns with certain aspects of higher dimensional quaternion Kahler and hy-
perkahler geometry. In section 2.5.1 are presented the most general 4n dimensional hyperkahler
spaces with n commuting tri-holomorphic isometries, which is a higher dimensional generaliza-
tion of the Gibbons-Hawking metrics. The metrics are written in the momentum map system,
which is the most suitable form for the purposes of this dissertation. This result will be used in
the point c) and d). We also present in section 2.5.3 the Swann extension, which is a construc-
tion of a higher dimensional quaternion kahler space starting with other with less dimensions.
This part concerns mainly with the point d).
Section 2.6 presents some features about the groupsG2 and Spin(7) and the relation with the
octonion algebra. We show the link between G2 and Spin(7) holonomy manifolds, the presence
of globally defined covariantly constant spinor fields and octonionic self-duality. We present the
Bryant-Salamon construction, which extend any quaternion kahler manifold in four dimensional
to a seven dimensional one with holonomy included in G2 and to an eight dimensional one with
holonomy in Spin(7). We also present spaces with weak G2 holonomy as the cones of certain
Spin(7) spaces, and half-flat six dimensional manifolds as the cones of certain G2 spaces. We
emphasize the relation between G2 holonomy manifolds and compactifications of M theory
preserving certain amount of supersymmetries. This part is related to the point e).
The remaining sections are devoted to solve the tasks a)-e) enumerated above. The prelim-
inary material plays an important role in order to understand this section. In the conclusions
we mention the main results of the present work. We have included an appendix that explain
the relations between hyperkahler torsion geometry and supersymmetric sigma models. At the
end it is included the bibliography and the publications of the author.
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2. Preliminary material
2.1 Quaternion Kahler and hyperkahler spaces
By definition, a quaternion Kahler manifold is an euclidean 4n dimensional manifold with holon-
omy group Γ included into the Lie group Sp(n)×Sp(1) ⊂ SO(4n) [1]. This statement is non triv-
ial if D > 4, but in D = 4 we have the isomorphism SO(4) ≃ SU(2)L×SU(2)R ≃ Sp(1)×Sp(1)
related to the orthogonal decomposition of spinors in left and right states of chirality, and so
the statement Γ ⊆ Sp(1) × Sp(1) is trivial and should be modified. The first subsection of
this section concerns with spaces with dimension at least 8, the case D = 4 will be treated
separately. We will show that a quaternionic Kahler metric has the following properties [4], [3].
1) There exists three automorphism J i (i = 1 ,2, 3) of the tangent space TMx at a given
point x such that J i · J j = −δij + ǫijkJk, and for which the metric g is quaternion hermitian,
that is
g(X, Y ) = g(J iX, J iY ), (2.5)
being X and Y arbitrary vector fields.
2) The structures J i satisfy the fundamental relation
∇XJ i = ǫijkJ jωk−, (2.6)
with ∇X the Levi-Civita connection of the manifold and ωi− its Sp(1) part. As a consequence
of hermiticity of g stated above the tensor J
i
ab = (J
i)cagcb is antisymmetric and therefore there
exists an associated 2-form
J
i
= J
i
abe
a ∧ eb
for which
dJ
i
= ǫijkJ
j ∧ ωk−, (2.7)
being d the usual exterior derivative.
3) Corresponding to the Sp(1) connection we can define the 2-form
F i = dωi− + ǫijkω
j
− ∧ ωk−.
Then for a quaternion Kahler manifold
Ri− = ΛJ
i
, (2.8)
F i = Λ′J
i
. (2.9)
being Λ and Λ′ certain constants. The tensor Ra− is the Sp(1) part of the curvature. The last
two conditions implies that g is Einstein with non zero cosmological constant Rij ∼ gij .
4) In a quaternion Kahler space the globally defined (0, 4) and (2, 2) tensors
Θ = J
1 ∧ J1 + J2 ∧ J2 + J3 ∧ J3,
Ξ = J1 ⊗ J1 + J2 ⊗ J2 + J3 ⊗ J3
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are covariantly constant with respect to the usual Levi Civita connection.
5) Any quaternion Kahler space is orientable.
6) If there exists a local frame in which ωi− is equal to zero, then the metric is called hy-
perkahler and is Kahler with respect to any of the complex structures. The metric g is in this
case Ricci-flat and the holonomy is reduced to a subgroup of Sp(n).
7) In four dimensions quaternion Kahler spaces are the same than Einstein spaces and with
self-dual Weyl tensor.
This section is devoted to explain this concepts in more detail. By taken granted properties
1-7 the reader can go directly to the next section.
2.1.1 Quaternionic Kahler spaces in dimension higher than four
It is well known that the generators J i of the Lie algebra sp(1) of Sp(1) ≃ SU(2) have the
multiplication rule
J i · J j = −δijI + ǫijkJk, (2.10)
which implies the so(3) ≃ su(2) commutation rule
[J i, J j ] = ǫijkJ
k. (2.11)
We see that J iJ i = −I and therefore J i will be called almost complex structures. An useful
4n× 4n representation is
J1 =

0 −In×nr 0 0
In×n 0 0 0
0 0 0 −In×n
0 0 In×n 0
 , J2 =

0 0 −In×n 0
0 0 0 In×n
In×n 0 0 0
0 −In×n 0 0

J3 = J1J2 =

0 0 0 −In×n
0 0 −In×n 0
0 In×n 0 0
In×n 0 0 0
 . (2.12)
The group SO(4n) is a Lie group and this means in particular that for any SO(4n) tensor
Aab the commutator [A, J
i] will take also values in SO(4n). We will say that A belong to the
subgroup Sp(n) of SO(4n) if and only if
[A, J i] = 0. (2.13)
Condition (2.13) together with (2.11) implies that a tensor Bab belongs to the subgroup Sp(n)×
Sp(1) if and only if
[B, J i] = ǫijkJ
jBk−,
being Bk− the components of B in the basis J
k. Both conditions are independent of the repre-
sentation.
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We will write a metric over a 4n dimensional manifold M as g = δabe
a ⊗ eb, being ea the
4n-bein basis for which g is diagonal. Let us define the triplet of (1, 1) tensors
J i = (J i)abea ⊗ eb, (2.14)
defined by the matrices (3.300). If the holonomy is in Sp(n)× Sp(1), then from the beginning
ωab will take values on its lie algebra sp(n)⊕ sp(1). As we saw above, this implies that
[ω, J i] = ǫijkJ
jωk−. (2.15)
As usual, the connection ωab is defined through
∇Xea = −ωab (X)eb,
together with the Levi-Civita conditions ∇g = 0 and T (X, Y ) = 0. Using the chain rule
∇(A⊗ B) = (∇A)⊗ B + A⊗ (∇B) for tensorial products show us that in the einbein basis
[ω, J i] = ∇XJ i. (2.16)
Comparing (2.15) and (2.16) we see that quaternionic Kahler manifold are defined by the
relation
∇XJ i = ǫijkJ jωk−,
which is independent on the election of the frame ea. This proves that (2.6) describe quaternion
Kahler metrics [4] in dimension higher than four.
The basis ea for a metric g is defined up to an SO(4n) rotation. Under this SO(4n) trans-
formation the tensors (2.14) are also transformed, but it can be shown that the multiplication
(2.10) is unaffected. In other words, given the tensors J i one can construct a new set of complex
structures
J ′i = C ijJ
j , J ′i · J ′j = −δijI + ǫijkJ ′k ⇐⇒ C ikCkj = δij (2.17)
This can be paraphrased by saying that a quaternionic Kahler manifold has a bundle V of
complex structures parameterized by the sphere S2. Using the textbook properties of ∇ it can
be seen that (2.6) is unaltered under such rotations.
Let us define three new tensors (J
i
)ab by (J
i
)ab = (J
i)caδcb. From (3.300) it follows that
(J i)ab = −(J i)ba ⇐⇒ (J i)ab = −(J i)ba
This show that (J
i
)ab are the components of the two-forms J
i
defined by
J
i
= (J
i
)abe
a ∧ eb. (2.18)
The forms (3.330) are known as the hyperkahler forms. From (2.6) it is obtained that
∇XJ i = ǫijkJ jωk− =⇒ dJ i = ǫijkωj− ∧ Jk,
being d the usual exterior derivative. The last implication proves relation (2.7).
If we change the frame ea to a new one xµ then the definition (J
i
)ab = (J
i)caδcb should be
modified by the covariant one (J
i
)αβ = (J
i)γαgγβ. Here the greek index indicates the components
in the new basis and gγβ are the corresponding components of the metric. Therefore
(J
i
)ab = −(J i)ba ⇐⇒ (J i)γαgγβ = (J i)γβgγα
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The last relation is equivalent to
g(J iX, Y ) = g(X, J iY ) ⇐⇒ g(X, Y ) = g(J iX, J iY )
for arbitrary vector fields X and Y in TM . Then the metric g will be always quaternion
hermitian with respect to the complex structures. Relation (2.5) is also invariant under the
automorphism of the complex structures.
In general, if in a given manifold there exist three complex structures satisfying (2.10), and
we take intersecting coordinate neighborhoods U and U ′, then we have two associated basis J i
and J ′i. Both basis should be related by an SO(3) transformation in order to satisfy (2.10).
This means that any quaternion Kahler space is orientable [4]. Consider now the fundamental
4-form
Θ = J
1 ∧ J1 + J2 ∧ J2 + J3 ∧ J3, (2.19)
and the globally defined (2, 2) tensor
Ξ = J1 ⊗ J1 + J2 ⊗ J2 + J3 ⊗ J3. (2.20)
By means of the formula (2.17) it follows that both tensors (2.19) and (2.20) are globally defined
on the manifold M. For a quaternionic Kahler manifold it is obtained directly from (2.6) and
(2.7) that [4]
∇Θ = 0, ∇Ξ = 0.
In D = 8 for a quaternion Kahler manifold dΘ = 0 and if the manifold is of dimension at least
12 then dΘ determines completely ∇Θ. In particular dΘ = 0 implies ∇Θ = 0 [22].
One of the most important consequences of (2.6) is that quaternionic Kahler spaces are
always Einstein with cosmological constant [3]. The proof is briefly as follows. From the
definition of the curvature tensor R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ] together with (2.6) it follows
in the einbein basis that
Rlijm(J
a)mk − Rmijk(Ja)lm = ǫabc(F b)ij(Jc)lk. (2.21)
where Rlijm are the components of the curvature tensor and the two form F
a was defined as 1
F a = dωa− + ǫabcω
b
− ∧ ωc−.
We can rewrite (2.21) as a commutator
[R(X, Y ), Ja] = ǫabcF
bJc,
being X and Y arbitrary vector fields. Multiplying (2.21) by (Ja)sl and contracting indices, and
then multiplying by (J b)kl and using the identity
2
(Ja)sl (J
b)ls = 4nδ
ab,
gives the formula
F aij =
1
2n
Rlijk(J
a)kl . (2.22)
1In the physical literature sometimes the three components ω− are referred as an SU(2) vector potential and
F a as the corresponding strength tensor
2Which is clearly true in the representation (3.300)
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Inserting (2.22) into (2.21) yields
Rlijk(J
a)kl =
2n
2 + n
Rim(J
a)mj ,
which can also be expressed as
Ri− =
2n
2 + n
RJ
i
, (2.23)
being R is the scalar curvature and Ri− are the Sp(1) components of the curvature tensor. The
second Bianchi identities together with (2.23) shows that R is constant and thus Rij ∼ gij
[3]. Thus, in any dimension, quaternionic Kahler spaces are always Einstein with non zero
cosmological constant λ.
Because R is a constant we see from (2.23) that
Ri− = ΛJ
i
,
being Λ certain constant. We also have from (2.22) that
F i = Λ′J
i
,
being Λ′ another constant. This condition are the same as (2.8) and (2.9) given above. In the
limit λ→ 0 the constants Λ and Λ′ goes simultaneously to zero.
If there exists a rotation of the local frame for which ω− = 0 then the complex structures
are locally covariantly constant, that is
∇XJ i = 0. (2.24)
In this case Ri− = F
i = 0 thus the space has self-dual curvature, which implies Ricci flatness.
This spaces are called hyperkahler, and (2.24) shows that they are Kahler with respect of any
of the complex structures. Condition (2.24) implies that the holonomy is in Sp(n) and that
dJ
a
= 0 (2.25)
together with the annulation of the Niejenhuis tensor given by
N(X, Y ) = [X, Y ] + J [X, JY ] + J [JX, Y ]− [JX, JY ], (2.26)
[60]. A complex structure for which N(X, Y ) = 0 is called integrable. We will explain this
relations in more detail in section 4.
2.1.2 Quaternion Kahler manifolds in dimension four
As we saw starting the previous section, in four dimensions the statement that the holonomy
is Γ ⊆ Sp(n)× Sp(1) is trivial due to the isomorphism SO(4) ≃ SU(2)L × SU(2)R ≃ Sp(1)×
Sp(1). We will modify this definition and we will say that a four dimensional manifold M
is quaternionic Kahler if (2.8) holds. This condition is not trivial, we will show below that
quaternion Kahler spaces in d = 4 are Einstein (as in the higher dimensional case) and with
self-dual Weyl tensor.
Let us consider a four dimensional metric g = δabe
a⊗ eb and the connection ωab given by the
first Cartan equation
dea + ωab ∧ eb = 0, ωaib = −ωabi.
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The notation SU(2)± denote the SU(2)L and SU(2)R groups respectively. The SU(2)± com-
ponents of the spin connection are explicitly
ωa± = ω
a
0 ± ǫabcωbc. (2.27)
The curvature tensor is given by the second Cartan equation
Rab = dω
a
b + ω
a
s ∧ ωsb = Rab,stes ∧ et
and the SU(2) parts are
Ra± = R
a
0 ± ǫabcRbc. (2.28)
The Ricci tensor is defined in the diagonal basis by Rij = R
a
i,aj and the scalar curvature is
Rii = R.
Instead of use the basis ea ∧ eb we can use the basis Ja± = e0 ∧ ea ± ǫabceb ∧ ec. Then it
follows that J
a
± are separately complex structure with definite self-duality properties, that is
∗Ja± = ±Ja±.
In this basis
Ra+ = AabJ
b
+ +BabJ
b
−, R
a
− = B
t
abJ
b
+ + CabJ
b
− (2.29)
where the matrices A and C are symmetric. The components of the Ricci tensor are
R00 = Tr(A+B), R0a =
ǫabc
2
(Btbc −Bbc), Rab = Tr(A− B)δab +Bab +Btab, (2.30)
and the scalar curvature is
R = 4Tr(A) = 4Tr(C). (2.31)
It is clearly seen from (2.30) that the Einstein condition Rij = Λδij is equivalent to B = 0 and
Tr(A) = Tr(C) = Λ.
The components of the Weyl tensor in the diagonal basis are given by
W abcd = R
a
bcd −
1
2
(δacRbd − δadRbc + δbdRac − δbcRad) + R
6
(δacδbd − δadδbc). (2.32)
The tensor W is invariant under a conformal transformation g → Ω2g and the associated two
form is
W ab = W
a
bcde
c ∧ ed.
An explicit calculation shows that the SU(2)± of W are
W a+ = W
a
0 + ǫabcW
b
c = (Aab −
1
3
Tr(A)δab)J
b
+,
W a− = W
a
0 − ǫabcW bc = (Cab −
1
3
Tr(C)δab)J
b
−.
From this expressions we see that to say that an Einstein space is self dual (i.e, W a− = 0) is
equivalent to
Cab =
Λ
3
δab ⇐⇒ Ra− =
Λ
3
J
a
−. (2.33)
The second (2.33) is the same as (2.8) in four dimensions. Thus we conclude then that in D = 4
quaternionic Kahler is the same as self-dual Einstein.
The self-duality condition W− = 0 is conformal invariant and then if a metric g is self-
dual, then the family [g] constructed by g through conformal transformations g → Ω2g is also
self-dual. But Einstein condition is not conformal invariant in general.
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2.2 Hypercomplex structures
As we have seen, the problem of classifying the possible quaternion Kahler spaces appearing
in d = 4 is equivalent to find all the Einstein spaces with self-dual Weyl tensor. In this section
we will focus our attention in four dimensional self-dual spaces. Let us consider a metric g and
denote with [g] the family of metrics obtained from g by arbitrary conformal transformation
g → Ω2g. Because the Weyl tensor is conformally invariant it follows that the self-duality of g
implies the self-duality of [g]. The converse is of this statement is also true.
An important example of self-dual families are the hypercomplex structures [60], [61], that
we will introduce in this section. We will show in the following sections that hypercomplex
structures and weak torsion hyperkahler structures are the same concept in four dimensions.
2.2.1 Basic concepts
As it follows from equation (2.7), for hyperkahler spaces there exist a frame for which
dJ
i
= 0, (2.34)
that is, for which the Kahler triplet is closed. Conversely, it was shown in [76] that any
space in d = 4 satisfying (2.34) is automatically hyperkahler. The curvature tensor Rabcd of an
hyperkahler space is automatically self-dual, and the almost complex structures are integrable,
thus complex structure.
For a given hyperkahler structure (g, J
i
) one can define an new structure (g˜, J˜
i
) being
g˜ = Ω2g and J˜
i
= Ω2J
i
. This new metric is quaternion hermitian with respect of the J˜
i
. But
from (2.34) one obtains that
dJ˜
i
+ 2d log(Ω) ∧ J˜ i = 0. (2.35)
This means that (g˜, J˜
i
) is not hyperkahler. A conformally invariant generalization of the hy-
perkahler condition (2.34) is
dJ˜
i
+ α ∧ J˜ i = 0, (2.36)
being α an arbitrary 1-form. Under conformal transformation we have α+2d log(Ω) and (2.36)
is unaltered [61]. This property define a conformal family [g] with all the element sharing the
property (2.36).
If α is a gradient (α = ∇φ, being φ certain function depending on all the coordinates), then
it will exist a representative g of [g] with self-dual curvature and therefore hyperkahler. From
the expression (2.32) of the Weyl tensor it is possible to check that if R is self-dual, then W is
also self-dual. Thus the family [g] corresponding to an hyperkahler metric will have self-dual
Weyl tensor (2.32). But the explicit calculation of theWabcd for a metric satisfying (2.36) shows
that α disappear in its calculation. Therefore the condition to be gradient is not necessary to
ensure W− = 0 and condition (2.36) defines a self-dual structure in general [61]. We will denote
it as ([g], [J
i
]).
A family of structures ([g], [J
i
]) satisfying (2.36) are the hypercomplex structures in four
dimensions [60]. For a given representative (g, J
i
) of an hypercomplex structure, the metric g
is quaternion hermitian with respect to the J
i
and the Niejenhuis tensor
N(X, Y ) = [X, Y ] + J [X, JY ] + J [JX, Y ]− [JX, JY ] (2.37)
14
corresponding to every J
i
vanish for every pair of vector fields X, Y . Such an almost complex
structures are called integrable, and they turn into complex structures. The metric g will be
complex in this case. The definition of hypercomplex structures is consistent due to the fact
that the integrability condition is conformally invariant. In four dimensions we can select the
self-dual complex structures
J i = e4 ⊗ ei − ei ⊗ e4 + ǫijkej ⊗ ek (2.38)
up to an SU(2) transformation. The action of (2.38) over the tangent space TMx is defined by
J1(e1) = e2, J
1(e2) = −e1, J1(e3) = e4, J1(e4) = −e3,
J2(e1) = e3, J
2(e2) = −e4, J2(e3) = −e1, J2(e4) = e2,
J3(e1) = e4, J
3(e2) = e3, J
3(e3) = −e2, J3(e4) = −e1.
(2.39)
Then the annulation of the tensor N i(X, Y ) will be equivalent to the conditions
[e1, e2] + [e3, e4] = −A2e1 + A1e2 + A3e4 − A4e3
[e1, e3] + [e4, e2] = −A3e1 + A4e2 + A1e3 − A2e4 (2.40)
[e1, e4] + [e2, e3] = −A4e1 − A3e2 + A2e3 + A1e4
for some set of functions A1, A2, A3, A4 [59]. This is a direct consequence of (2.39) and (2.37).
We immediately recognize that in the case Aa = 0 we recover the Ashtekar-Jacobson-Smolin
quadratic equations for self-dual spaces [153]. If we consider the conformal transformation
g → Ω2g, then it is seen that (2.40) is also satisfied with Aa → Aa + 2ea log(Ω). This means
that condition (2.40) define a conformal family of metrics [g] and therefore the definition of
hypercomplex structures is consistent.
Hypercomplex condition implies, but is not implied by, that the family [g] is self-dual [59]-
[60]. This follows from the fact that, as we will show now, condition (2.40) implies (2.36). Let
us consider the connection ω given by
dea + ωab ∧ eb = 0.
The antisymmetric part ωa[bc] is related to the structure functions defined by the Lie bracket
[ea, eb] = c
c
abec by
ωa[bc] =
1
2
ccab .
It is convenient to define the one-form
α = A− χ
where
A = Aae
a, χ = cbabe
a, (2.41)
and the self-dual two-form J
1
= e1 ∧ e2 + e3 ∧ e4. Then
dJ
1
= d(e1 ∧ e2 + e3 ∧ e4)
= −ω1[ab]ea ∧ eb ∧ e2 + ω2[ab]ea ∧ eb ∧ e1 − ω3[ab]ea ∧ eb ∧ e4 + ω4[ab]ea ∧ eb ∧ e3
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= −1
2
c1abe
a ∧ eb ∧ e2 + 1
2
c2abe
a ∧ eb ∧ e1 − 1
2
c3abe
a ∧ eb ∧ e4 + 1
2
c4abe
a ∧ eb ∧ e3
= e1 ∧ e2 ∧ (caabeb + A3e3 + A4e4) + e3 ∧ e4 ∧ (caabeb + A1e1 + A2e2)
= (e1 ∧ e2 + e3 ∧ e4) ∧ (A− χ)
and therefore
dJ
1
= J
1 ∧ (A− χ) = J1 ∧ α (2.42)
This is equivalent to (2.36). The same formula holds for J
2
and J
3
. Therefore we reach to the
conclusion that hypercomplex structures satisfies (2.36) and therefore are self-dual [59]. It is
straightforward to prove that under g → Ω2g the forms α, A and χ transform as
αa → αa + 2ea log(Ω)
Aa → Aa − 2ea log(Ω) (2.43)
χa → χa − 3ea log(Ω).
Hypercomplex structures are not the only self-dual structures in four dimensions. Counterex-
amples are for instance the Joyce spaces that will be introduced in another section.
2.2.2 Examples of hypercomplex structures
Let us look now for hypercomplex structures [g] over a manifold M with two commuting U(1)
Killing vectors. The representatives [g] of such structures will be of Gowdy form
g = gabdx
adxb + gαβdx
αdxβ. (2.44)
The latin and greek indices takes values 1 and 2. Both gab and gαβ are supposed to be inde-
pendent of the coordinates xα = (θ, ϕ). Then the Killing vectors are ∂/∂θ and ∂/∂ϕ and are
commuting, so there is a U(1)× U(1) action on the manifold.
By Gauss theorem there exists a local scale transformation g → Ω2g which reduce (2.44) to
g˜ = Ω2(dρ2 + dη2) + g˜αβdx
αdxβ, (2.45)
being g˜αβ function of the new coordinates (ρ, η). We can express this metric as
g˜ = Ω2(dρ2 + dη2) + (A0dθ + A1dϕ)
2 + (B0dθ +B1dϕ)
2, (2.46)
where Ai and Bi are unknown functions of (ρ, η) and the factor ρ was introduced by convenience.
But instead to work with the local form (2.46) we will work with the following equivalent
expression
g˜ = Ω2(dρ2 + dη2) +
(A0dθ −B0dϕ)2 + (A1dθ −B1dϕ)2
(A0B1 −A1B0)2 . (2.47)
Anzatz (2.47) looks more complicated than (2.46), but has the advantage that the dual basis
ei takes the simple form
e1 = Ω∂ρ, e2 = Ω∂η (2.48)
e3 = B1∂θ + A1∂ϕ, e4 = B0∂θ + A0∂ϕ. (2.49)
16
Inserting (2.48) and (2.49) into the quadratic system (2.40) gives Ω = 1 and the Cauchy
Riemman equations
(A0)ρ = (A1)η, (A0)η = −(A1)ρ (2.50)
and the same equations for B0 and B1. This means that the metric (2.47) is described in terms
of two holomorphic functions
F (z) = A0 + iA1, G(z) = B0 + iB1, (2.51)
being z = ρ+ iη.
We can find the same result in another way. Let us consider four functions f1, ..., f4 and
g1, ..., g4 depending on the coordinates x
1 = ρ and x2 = η and let us define the vector fields
ea = fa∂θ + ga∂ϕ + ∂xa (a = 1, 2),
ea = fa∂θ + ga∂ϕ, (a = 3, 4).
Clearly ea are the most general vector fields for a metric with two commuting isometries up to
a conformal scaling. Introducing this expressions into (2.55) gives the system of equations
(f3)η − (f4)ρ = 0, (g3)η − (g4)ρ = 0,
(f2)η + (f1)ρ = 0, (g2)η + (g1)ρ = 0, (2.52)
(f1)η − (f2)ρ = 0, (g1)η − (g2)ρ = 0.
From the first we see that f3 = (H)ρ and f4 = (H)η, being H(ρ, η) certain function. Therefore
we can make the coordinate change (ρ, η, θ, ϕ)→ (ρ−H, η, θ, ϕ) and eliminate f3 and f4. The
same holds for g3 and g4 and therefore we are dealing with the case described in (2.49). The
corresponding hyperkahler metric is then conformal to
g˜ = dρ2 + dη2 +
(A0dθ − B0dϕ)2 + (A1dθ −B1dϕ)2
(A0B1 −A1B0)2 , (2.53)
which is the same metric as above with Ω = 1. We have redefined e1 = A0, e2 = B0, f1 = A1,
f2 = B2 in (2.53).
There exists another family of hypercomplex structures that can be constructed in terms of
holomorphic functions. It is direct to check that Ashtekar equations (2.55) can be cast in the
following complex form
[e1 + ie2, e1 − ie2]− [e3 + ie4, e3 − ie4] = 0, [e1 + ie2, e3 − ie4] = 0 (2.54)
Let M be a complex surface with holomorphic coordinates (z1, z2) and let us define four vector
fields ei as
e1 + ie2 = f1
∂
∂z1
+ f2
∂
∂z2
e3 + ie4 = f3
∂
∂z1
+ f4
∂
∂z2
being fj a complex function on M . Then (2.54) implies that ∂fj/∂zk = 0 and therefore we
can construct an hypercomplex structure using four arbitrary holomorphic functions or two
holomorphic vector fields [147].
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2.3 Hyperkahler spaces in four dimensions
In a well known work [153] Ashtekar, Jacobson and Smolin introduced a formulation for self-
dual manifolds in which they reduced the problem to solve certain quadratic equations for the
dual vector fields and a volume form preserving condition. Here we review their construction
in the context of hypercomplex structures.
Proposition 3 Consider an oriented manifold M and four vector fields e1, e2, e3 and e4
forming an oriented basis for TM at each point. Let us suppose that the fields satisfies the
quadratic equations
[e1, e2] + [e3, e4] = 0, [e1, e3] + [e4, e2] = 0, [e1, e4] + [e2, e3] = 0, (2.55)
and the volume preserving condition LeaΘ = 0 for some 4-form Θ. Then the vectors ea are
conformal to an orthonormal frame of a self-dual Ricci-flat metric.
Before to explain Proposition 3 let us note that
[e1, e2] + [e3, e4] = 0, [e1, e3] + [e4, e2] = 0, [e1, e4] + [e2, e3] = 0,
is the system (2.55) but with the Aa’s equal to zero. Then (2.43) implies that χ = −α. Then if
χ were a gradient, the form α also would be a gradient and there will exist a conformal change
taking the condition
dJ
i
= α ∧ J i
to dJ
i
= 0. The corresponding metric will be conformal to an hyperkahler one, which is
automatically self-dual Ricci-flat. As we will see, this is essentially the content of the volume
preserving condition of proposition 3.
In general the covariant divergence of an arbitrary vector field V is obtained by the formula
LVΘ = (∇ · V )Θ. (2.56)
The divergence of a tetrad ea is given by
∇ · ea = cbab, (2.57)
being ccab defined by
[eb, ec] = c
a
bcea.
Let us define a factor Ω through
Ω2 = Θ(e1, e2, e3, e4) (2.58)
and take the derivative of (2.58) along ea = Ω
−1ea. Using the condition LeaΘ = 0 together
with (2.56) and (2.57) gives
cbab = −ea(log Ω) ⇐⇒ χ = −ea(log Ω)ea.
The last implication is just the definition (3.326). The transformation rule (2.43) implies that
under g → Ω−2g we have
χa → χa + 3ea log(Ω) ⇐⇒ χ = 2ea(log Ω)ea. (2.59)
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If (2.55) also hold we have
χ = −α ⇐⇒ αa = −2ea(log Ω) = −2ea( 1
Ω
) (2.60)
and therefore α is a gradient. Then g is conformal to an hyperkahler metric. The converse of
this theorem is also true, more details of this assertions can be found in the original references
[153].
It is also possible to cast into this formalism the Plebanski formulation for hyperkahler
spaces [76]. By defining the complex vector fields
u = e1 + ie2, v = e1 − ie2, w = e3 + ie4, x = e3 − ie4,
the system (2.55) takes the form
[u, w] = 0, [v, x] = 0, [u, v] + [w, x] = 0. (2.61)
It follows from the first (2.61) that we can introduce coordinates (t, y) on each of these surfaces
such that
u = ∂t, w = ∂y.
Let us select the vector fields
v = ay∂x − by∂z, x = −at∂x + bt∂z.
being a and b unknown functions. Equations (2.61) give us
{a, ax} = {b, az}, {a, bx} = {b, bz}, (2.62)
where we have defined the Poisson Bracket by
{f, g} = ftgy − fygt.
Let us suppose that the vector fields ei are divergence free with respect to the volume form
Θ = dt∧dx∧dy∧dz. Then it exists a function Ω such that a = Kz and b = Ky. By integrating
equations (2.64) once, and scaling the coordinates (y, z), one finds that K satisfies the equation
{Ky, Kz} = 1, (2.63)
which is the First Heavenly equation [76]. This equation can be expressed as∣∣∣∣∣ Kyt KyxKzt Kzx
∣∣∣∣∣ = 1.
The corresponding hyperkahler metric is
g = 4 (btay − atby)−1 [dt⊗ (atdz + btdx) + dy ⊗ (aydz + bydx)] ,
or in terms of K,
g = Ktydtdy +Ktzdtdz +Kxydxdy +Kxzdxdz. (2.64)
The metrics (2.64) are known as the Plebanski heavens [76] and are the most general hyperkahler
examples. An hyperkahler space is also Kahler, and the key function K plays the role of the
Kahler potential.
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Let us consider metrics with one isometry and introduce a the dual basis ea = fa∂/∂x1 +
∂/∂xa. Then (2.55) reduce to the system
∂f1
∂x2
− ∂f3
∂x4
+
∂f4
∂x3
= 0,
∂f1
∂x3
− ∂f4
∂x2
+
∂f2
∂x4
= 0,
∂f1
∂x4
− ∂f2
∂x3
+
∂f3
∂x2
= 0.
Let us assume that ∂/∂x1 is a Killing vector and let us denote x1 = t. This implies that the
functions fi are independent of t and this system reduces to
∇V = ∇×A ⇐⇒ dU = ∗dA (2.65)
which implies that ∆V = 0 and we have defined V = f1 and A = (f2, f3, f4). The corresponding
metric is
g = V −1(dt−A)2 + V dx · dx, (2.66)
and it can be checked that is indeed Ricci-flat.
A particular solution of (2.65) is
(V (x))−1 = a+
n∑
i=1
2mi|r − ri|−1
being a andmi constants and ri the position of certain points on the manifold. If we select mi =
M and t periodic in the range 0 ≤ t ≤ 8piM
n
then the singularities in r = ri are removable. Such
spaces have finite energy and therefore are gravitational instantons. The metrics corresponding
a = n = 1 are known as the Taub-Nut metrics. If a = 0 the metrics are known as multi-
instantons and if n = 2 we obtain the Eguchi-Hanson instanton [126].
Metrics (2.66) are known as Gibbons-Hawking metrics [154], although they also were con-
sidered independently by Kloster, Son and Das [73]. They are the four dimensional self-dual
examples that are Ricci-flat with a U(1)-isometry for which condition L∂tJa = 0 is satisfied.
Such isometries are called tri-holomorphic. Another characterization of (2.66) is that they have
self-dual Killing vector Ki, i.e, the tensor Kij = ∇iKj is self-dual [60], [74]. We will return to
this point in the next subsection.
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2.4 Quaternion Kahler and hyperkahler metrics in d = 4 with at
least one isometry
This section present the most general local form of a metric belonging to a self-dual conformal
structure and at least one Killing vector. The spaces in consideration are four dimensional. Al-
though this results are not new, we present them in an slightly different way than the standard
one. We show the relation between self-dual structures with a Killing vector and Einstein-Weyl
ones, which satisfy a generalization of the Einstein equations including conformal transforma-
tions, i.e, Einstein-Weyl equations are invariant under the group CO(n) = R+ × SO(n) [150],
[157]. A geometric interpretation for the integrability of the non linear axial SU(∞) Toda
equation will be also presented. The argument is that the axial Toda equation describe an
hyperkahler space of the Gibbons-Hawking type (which are entirely described in terms of a
linear equation) in a coordinate system that hides its linear nature.
We should remark that U(1)×U(1) quaternion Kahler metrics are important for the goals of
the present work. By extending them to spaces ofG2, Spin(7) holonomy and higher dimensional
hyperkahler ones, we constructed certain classical solutions of M-theory preserving some amount
of supersymmetries. The presence of isometries allows to find type IIA and IIB backgrounds
by use of dualities. We will discuss it in the next sections.
2.4.1 Hyperkahler metrics with Killing vectors that are not self-dual
The most general form of an hyperkahler metric is given by (2.64) and defined in terms of
a Kahler potential K satisfying the non linear equation (2.63). It will be convenient for the
following to introduce two complex coordinates v, w and write the heavenly metrics (2.64) in
complex form as
g = Kvwdvdw +Kvwdvdw +Kvwdvdw +Kvwdvdw (2.67)
where bar indicate complex conjugation. Because Plebanski metrics are general it follows that
the Gibbons-Hawking metrics (2.66) should arise as a subcase of (2.67). Such reduction goes
as follows. Select the key function K as
K(v, w, v, w) = K(i(w − w), v, v) (2.68)
If one define u = i(w − w), then equation (2.63) becomes
KuuKvv −KuvKuv = 1. (2.69)
Consider the new independent variables x, v, v with x = Ku. By setting
H(x, v, v) = xu−K (2.70)
the heavenly equation (2.75) reduce to
Hxx +Hyy +Hzz = 0 (2.71)
being y = v + v and iz = v − v. The metric (2.67) in this coordinate system take the form
g = Hxx(dx
2 + dy2 + dz2) +H−1xx (dt+Hxydz −Hxzdy)2, (2.72)
being it = v − v. By selecting Hx = G we can rewrite (2.72) in the more familiar form
g = Gx(dx
2 + dy2 + dz2) +G−1x (dt+Gydz −Gzdy)2, (2.73)
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By identifying Gx = V and A = Gydz − Gzdy we find that ∇ × A = ∇V . Then (2.73)
are the Gibbons-Hawking metrics. The Killing vector for such metric is ∂/∂t and it is called
translational in the literature [60].
There exist another type of hyperkahler metrics with one Killing vector, and related to
certain limit of a Toda equation. Let us select the key function K as
K(v, w, v, w) = K(log |w|2, v, v) (2.74)
By choosing F = log |w|2 equation (2.63) becomes
KuuKvv −KuvKuv = eF . (2.75)
Consider the new independent variables t, v, v with τ = KF . If we set
H(τ, v, v) = τF −K (2.76)
then equation (2.75) is converted into
Hxx +Hyy + (e
Hτ )τ = 0 (2.77)
with x = v + v and iy = v − v. Defining u = Hτ and z = τ and differentiating (2.77) with
respect to z gives
(eu)zz + uyy + uxx = 0. (2.78)
Equation (2.78) is known as the continuum limit of the sl(n) Toda equation. The metric (2.67)
is expressed in terms of the new coordinates as
g = uz[e
u(dx2 + dy2) + dz2] + u−1z [dt+ (uxdy − uydx)]2, (2.79)
being u a solution of the SU(∞) Toda equation (2.78). We have defined the coordinate it =
log(w
w
) and the Killing vector is ∂/∂t = ∂/∂(argw). This explain why this Killing vectors are
called rotational in the literature.
A result due to Boyer and Finley [75] show that both (2.79) and (2.66) exhaust all the
possible metrics with at least one isometry. The first are the most general ones with self-dual
Killing vector, the second are those with a non self-dual isometry. Metrics (2.66) are related to a
linear equation and therefore are more easy to construct. Instead the continuum Toda equation
(2.78) is integrable but not many explicit solutions are known. One interesting solution is those
that is factorized by u = f(x, y) + g(z), then there appears three solutions given by
eu1 =
1
2
(z2 − a2)[1 + 1
8
(x2 + y2)]−2, z2 ≥ a2
eu2 =
1
2
(z2 + a2)[1 +
1
8
(x2 + y2)]−2, z2 ≥ a2
eu3 =
1
2
(a2 − z2)[1 + 1
8
(x2 + y2)]−2, z2 ≤ a2
The first of this solutions corresponds to the Eguchi-Hanson metric. This can be visualized
defining σ = 1 + 1
8
(x2 + y2) and the coordinate system (r, θ, ϕ) given by
xσ−1 =
√
2 cos(ϕ) sin(θ),
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yσ−1 =
√
2 sin(ϕ) sin(θ),
4z = r2,
then the metric (2.79) becomes the standard Eguchi-Hanson, namely
g = (1− α
4
r4
)−1dr2 +
r2
4
(dθ2 + sin(θ)2dϕ2) +
r2
4
(1− α
4
r4
)(cos(θ)dϕ+ dt)2 (2.80)
being α4 = 16a2. It is seen that there is another Killing vector ∂/∂ϕ. There exists a coordinate
change that bring this metric to the form of Hawking multi-instanton solution. Therefore
∂/∂ϕ is self-dual but ∂/∂t is not. The metrics corresponding to the other solutions u2 and u3
have singular points for the scalar curvature which cannot be excluded from the space time.
Therefore this spaces are not gravitational instantons [74].
2.4.2 Integrability of the axial continuum Toda equation
The Eguchi-Hanson metric is an example possessing simultaneously a self-dual Killing vector
and a not self-dual one (2.80). Such examples are described simultaneously by the non linear
equation (2.78) for certain election of coordinates, and by the linear equation (2.65) for other
coordinates. The transformation from one of such coordinates into the other is a mapping
between the axial SU(∞) Toda equation and the so called Ward monopole equation, which is
linear. Therefore although the continuum Toda equation is not linear, in the axial case it is
completely equivalent to a linear one. By axial Toda we mean the equation
(eu)zz + uxx = 0. (2.81)
The geometrical origin of the equivalence stated above is that the axial Toda equation describe
Gibbons-Hawking metrics in a coordinate system which hide its linear nature [129].
To see this statement more concretely let us take a Gibbons-Hawking metric (2.66) and
write the flat 3-dimensional part in cylindrical polar coordinates (η, ρ, ϕ). The result is
gf = dx
2 + dy2 + dz2 = dη2 + dρ2 + ρ2dϕ2.
Let us also suppose that the generator of the axial symmetry ∂/∂ϕ is also a Killing vector,
then V (ρ, η) in (2.66) is independent on the ϕ coordinate and the equation (2.66) becomes the
Ward monopole equation, namely
ρ−1(ρVρ)ρ + Vηη = 0. (2.82)
Note that if V˜ is a solution of (2.82), so is V˜η, and V˜η determines V˜ up to the addition of
C1 log(C2ρ) for some constants C1 and C2. This provides a way of integrating the equation
d∗dV = 0 to give ∗dV = dA. If we choose V = V˜η, then we can take A = ρV˜ρ dφ. The
corresponding hyperkahler metric is
g = Vη(dη
2 + dρ2 + ρ2dφ2) + V −1η (dθ + ρVρ dφ)
2, (2.83)
where have reexpressed V˜ as V in order to simplify the notation.
The metric (2.83) has U(1)×U(1) isometry and the two commuting Killing vectors are ∂/∂ϕ
and ∂/∂θ. By construction ∂/∂θ is self-dual. But ∂/∂ϕ is not self-dual in general. Therefore
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there exist a coordinate system (x, y, z, ϕ) for which (2.83) take the form (2.79). We can rewrite
(2.83) by completing squares as
g = Vη
(
dρ2 + dη2 +
1
V 2η + V
2
ρ
dθ2
)
+
ρ2(V 2η + V
2
ρ )
Vη
(
dϕ+
Vρ
ρ(V 2η + V
2
ρ )
dθ
)2
.
or equivalently as
g =
Vη
ρ2(V 2η + V
2
ρ )
[ρ2(V 2η + V
2
ρ )(dρ
2 + dη2) + ρ2dψ2]
+
ρ2(V 2η + V
2
ρ )
Vη
(
dϕ+
Vρ
ρ(V 2η + V
2
ρ )
dθ
)2
. (2.84)
It is extremely important to recall that (2.83) and (2.84) are the same metric. Comparison
between (2.79) and (2.81) shows that
uz =
Vη
ρ2(V 2η + V
2
ρ )
(2.85)
and that there it should exists a coordinate system (x, y, z) for which
ρ2(V 2η + V
2
ρ )(dρ
2 + dη2) + ρ2dθ2 = eu(dx2 + dy2) + dz2 (2.86)
with u satisfying (2.81). The system (x, y, z) is obtained as follows. There are two exact
differentials constructed with V , namely
dV = Vρdρ+ Vηdη,
dG = ρVρdη − ρVηdρ.
The equation d2V = 0 is identically satisfied and d2G = 0 is a consequence of the equation
(2.82), therefore dV and dG are truly differentials. The function G is defined by V through the
Backlund transformation
ρVρ = Gη, ρVη = −Gρ.
It is elementary to show that
ρ2(V 2η + V
2
ρ )(dρ
2 + dη2) + ρ2dθ2 = ρ2(dV 2 + dψ2) + dG2.
Therefore
ρ2(dV 2 + dθ2) + dG2 = eu(dx2 + dy2) + dz2
This means that y = θ and a Toda solution is defined through the equation eu = ρ2. We have
obtained the following proposition [129].
Proposition 4 Any solution V of the equation Vηη + ρ
−1(ρVρ)ρ = 0 defines locally the
coordinate system (x, z)
x = Vη, z = ρVρ, (2.87)
in terms of (ρ, η) and conversely (2.87) defines implicitly (ρ, η) as functions of (x, z). Then the
function u(x, z) = log(ρ2) is a solution of the axially symmetric Toda equation
(eu)zz + uxx = 0. (2.88)
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This procedure can be inverted in order to find a Ward monopole V starting with a given Toda
solution.
Proposition 4 gives a method to find solutions of a non linear equation (the continuum Toda
one) starting with a solution of a linear one (the Ward equation) and shows the equivalence
that we were looking for. Proposition 4 can be checked by an elementary (but lengthy) chain
rule exercise. It is difficult in practice to find explicit solutions of (2.88) and usually proposition
4 gives implicit solutions.
2.4.3 Einstein-Weyl structures and hyperkahler metrics
An important feature about the three dimensional part
γ = eu(dx2 + dy2) + dz2, (2.89)
is that it is an Einstein-Weyl structure. Einstein-Weyl condition is a generalization of the
ordinary Einstein condition in which the Lorenz group SO(4) is extended to the conformal
group CO(4) = R+ × SO(4) [150] 3. The Einstein equations are generalized in this picture in
order to include invariance under coordinate rotations plus dilatations. In this section some
important facts about them are sketched following [150] and [157].
It is known that for a given space W endowed with a metric gµν the Levi-Civita connection
∇ is uniquely defined by
∇g = 0, T (∇) = 0 (2.90)
where T (∇) is the torsion. A Weyl-structure is defined by the manifold W together with:
(a) A class of conformal metrics [g], whose elements are related by the conformal scaling
(or gauge transformation)
gµν → Ω2gµν , (2.91)
together with SO(n)-coordinate transformations. Ω2 is an smooth, positive real function over
W .
(b) A torsion-free connection Dµ which acts over a representative gab of the conformal class
[g] as
Dµgνα = ωµgνα, (2.92)
for certain functions ωµ defining an one form ω. Then it is said that D preserves [g].
The conformal group in n-dimensions is CO(n) = R+ × SO(n) and includes rotations
plus general scale transformations. The structure [g] is called CO(n)-structure over W . The
connection D is uniquely determined by (2.92) in terms of ω and g. This can be seen in a
coordinate basis ∂k in which the system (2.92) takes the form
gµν,α = gβνΥ
β
µα + gµβΥ
β
να + ωµgνα,
3Usually the conformal group is defined by the angle-preserving (conformal) transformations. We are not
using this definition here. We are considering only SO(4) transformations and dilatations
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where the symbols Υβµα denotes the connection coefficients of D, which are symmetric in the
lower indices by the torsionless condition. Thus a series of steps analogous to those needed to
determine the Levi-Civita connection shows that Υβµα is
Υβµα = Γ
β
µα + γ
β
µα (2.93)
where Γβµα are the Christoffel symbols and the add γ
β
µα is
2γβµα = (δ
β
µωα + δ
β
αωµ + gµαω
β). (2.94)
The form ω is not invariant under (2.95), its transformation law can be obtained from (2.92)
and (2.94) and is
ωµ → ωµ + 2∂µlog(Ω). (2.95)
It follows from (2.94) and (2.95) that the Levi-Civita of any g of [g] preserves the conformal
structure.
If for a Weyl-structure the symmetric part of the Ricci tensor R˜(µν) constructed with Dµ
satisfies
R˜(µν) = Λgµν (2.96)
for certain Λ, then will be called Einstein-Weyl. If in addition the antisymmetric part of R˜[µν]
vanish there exists a gauge in which (2.96) reduces to the vacuum Einstein equation with
cosmological constant Λ. To see this it is needed to calculate
R˜ = DXDY −DYDX −D[X,Y ]
using the formula (2.93) for D. The relation CO(4)=R+ × SO(4) decompose R˜ into a real
component R0 and into an SO(4)-componentR that is equal to the curvature tensor constructed
with ∇. After contracting indices it is obtained
R˜µν = Rµν +∇µων − 1
2
∇µων − 1
4
ωµων + gµν(
1
2
∇αωα + 1
4
ωαω
α),
where Rµν is the Ricci tensor found with ∇. The antisymmetric part is originated by the R0
component and is determined in terms of ω as
R˜[µν] =
3
2
∇[µων]. (2.97)
If (2.97) is zero, then ω is the gradient of certain function Ψ over W . The conformal rescaling
(2.95) with Ω = −eΨ set ω = 0. This reduce the symmetric part
R˜(µν) = Rµν − 1
2
∇(µων) − 1
4
ωµων
to Rµν and (2.96) is the Einstein equation with Λ, thus [g] contains an Einstein metric.
As we recalled in the last subsection, the metric
γ = eu(dx2 + dy2) + dz2,
is the representative of an Einstein-Weyl structure with the factor ω given by
ω = −uzdz. (2.98)
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Therefore the Gegenberg and Das hyperkahler metrics (2.79) are constructed with a three
dimensional basis that is Einstein-Weyl. It can also be seen that if we identify
V = uz, A = uxdy − uydx,
then (2.79) take the form
g = V [eu(dx2 + dy2) + dz2] +
(dt+ A)2
V
,
and it is seen from (2.78) that the pair (V,A) satisfy
∗dA = dV + ω
2
V. (2.99)
The Hodge star ∗ is taken with respect to the Einstein-Weyl structure. Equation (2.99) is the
conformal generalization of the Gibbons-Hawking one ∗dA = dV and therefore it will be called
generalized monopole equation.
2.4.4 Self-dual structures with one Killing vector
In this subsection we show that the generalized monopole equation (2.99) is conformally in-
variant and that it describe all the self-dual conformal structures with one conformal Killing
vector. Let us consider a metric with the form
g = V h+
(dt+ A)2
V
,
being h an Einstein-Weyl structure and the functions (V,A) satisfying (2.99). Then if we
perform the conformal change
h˜ = Ω−2h,
we can express g as
g = V h +
(dt+ A)2
V
= Ωg˜ (2.100)
where V˜ = V Ω. We want to prove that if (2.99) holds then
∗
h˜
dA = dV˜ +
ω˜
2
V˜
being ω˜ the conformal factor associated to h˜. If we express the conformal transformation (2.95)
for ω as
Ωω˜ = Ωω − 2dΩ
then it is easily seen that
dV˜ +
ω˜
2
V˜ = Ω(dV +
ω
2
V )
and from (2.99) and the last expression we have
dV˜ +
ω˜
2
V˜ = Ω ∗h dA. (2.101)
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By another side we can put
dA = Aabe
a ∧ eb =⇒ ∗hdA = ǫabcAabec,
where we denote as Aab the coefficients of dA in the basis e
a ∧ eb, being ea the einbein corre-
sponding to h. Then
Ω ∗h dA = ǫabcAabΩec = ǫabcAabΩ2e˜c
being e˜c the einbein corresponding to h˜, namely e˜c = ec/Ω. Therefore
∗
h˜
(Ω ∗h dA) = AabΩ2e˜a ∧ e˜b = Aabea ∧ eb = dA.
Using the fact that ∗2 = 1 from the last formula we obtain
Ω ∗h dA = ∗h˜dA. (2.102)
From (2.101) and (2.102) we see that (2.99) implies
∗
h˜
dA = dV˜ +
ω˜
2
V˜
which implies that (2.99) is conformally invariant.
We have also seen that equation (2.99) also describe metrics with self-dual curvature as
in (2.79) or (2.66). It is evident from the result of this subsection that conformal family [g]
associated to (2.79) and (2.66) have self-dual Weyl tensor and a conformal Killing vector, and
that all their elements are described with an equation of the form (2.99). This raise the question
whether or not any self-dual family with one conformal Killing vector has the form
g = V h+
(dt+ A)2
V
,
being h an arbitrary Einstein-Weyl structure and (V,A) a pair satisfying (2.99). The answer
to this question is positive, it was proved by Jones and Tod and is stated in the following
proposition [157].
Proposition 5 a) Consider an Einstein-Weyl structure [h] in D=3 and a representative
h. Then the four dimensional metric
g = V h +
(dt+ A)2
V
(2.103)
is self-dual with one Killing vector ∂t if the pair of functions (V,A) satisfies the generalized
monopole equation
dA = ∗h(dV − V ω). (2.104)
The Hodge star ∗h is taken with respect to hµν and ω is the conformal factor corresponding to
h.
b) Conversely given a metric g that is self-dual and has one conformal Killing vector Ka
then a conformal transformation can be performed in order that Ka becomes a Killing vector
∂t and there exists a system of coordinates in which g takes the form (2.103), being h a rep-
resentative of an Einstein-Weyl structure. The factor ω will be obtained in this case through
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(2.104).
Some comments are in order. The Gegenberg and Das metrics (2.79) and (2.66) generates
all the families conformal to an hyperkahler metric. For all the space over a Toda base we have
dV − ωV = Vxdx+ Vydy + (Vz + uzV )dz = Vxdx+ Vydy + e−u(euV )zdz,
and (2.104) is then explicitly
dA = ∗h(dV − ωV ) = Vxdz ∧ dy + Vydx ∧ dz + (V eu)zdy ∧ dx.
Therefore the integrability condition for the existence of A is
(V eu)zz + Vyy + Vxx = 0. (2.105)
In the next subsection we will show an application of this correspondence, the construction
of all the self-dual structures with two commuting Killing vectors that are surface orthogonal.
This are the Joyce spaces.
2.4.5 The Joyce spaces
Let us focus in self-dual families [h] with two commuting U(1) isometries. Consider an structure
[g] over M with representatives g that locally takes the form (2.47), or equivalently
g = (A0B1 − A1B0)(dρ2 + dη2) + (A0dθ −B0dϕ)
2 + (A1dθ −B1dϕ)2
(A0B1 − A1B0) . (2.106)
We made by convenience a conformal transformation in (2.47) with factor Ω = A0B1−A1B0, we
can always do this if we are dealing with a self-dual structure due to the conformal invariance
the Weyl tensor. The unknown functions Ai and Bi are supposed to be independent on the
coordinates (θ, ϕ). By construction ∂/∂θ and ∂/∂ϕ are commuting Killing vectors of the metric
(2.106).
We will fix the functions Ai and Bi in order that (2.47) will be self-dual. The Jones-Tod
correspondence insure that there should exists a coordinate system (x, y, z, t) defined in terms
of the old one (ρ, η, θ, ϕ) for which (2.106) is conformal to
g = V h+
1
V
(dt+ A)2 (2.107)
according to (2.103). To find this system of coordinates we write (2.106) by completing squares
as
g =
A0B1 − A1B0
ρ2(A20 + A
2
1)
((A20 + A
2
1)(dρ
2 + dη2) + ρ2dϕ2)
+
A20 + A
2
1
A0B1 −A1B0 (dθ −
(A0B0 + A1B1)dϕ
A20 + A
2
1
)2 (2.108)
and is seen that after scaling by ρ and identifying t = θ that it takes the form (2.103) with a
metric h and a monopole (V,A) given by
h = (A20 + A
2
1)(dρ
2 + dη2) + ρ2dϕ2, V =
A1B0 − A0B1
ρ(A20 + A
2
1)
, (2.109)
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A = −(A0B0 + A1B1)
A20 + A
2
1
dϕ. (2.110)
Comparison of the first (2.109) with (2.86) and Proposition 4 shows the identification
A0 = ρV˜η, A1 = −ρV˜ρ
being V˜ a solution of the Ward monopole equation (2.82). Therefore Ai should satisfy
(A0)η − (A1)ρ = 0,
and from the identity V˜ρη = V˜ηρ we have the integrability condition
(
A0
ρ
)ρ = −(A1
ρ
)η
or equivalently
(A0)ρ + (A1)η = A0/ρ.
Clearly the same reasoning holds for the Bi and therefore we have obtained part of the following
result due to Joyce [147].
Proposition 6 Consider a set of functions Ai and Bi with i = 1, 2, satisfying
(A0)ρ + (A1)η = A0/ρ, (2.111)
(A0)η − (A1)ρ = 0, (2.112)
and the same equations for Bi. Then the family [gj ] associated to the metric gj given by
gj = (A0B1 −A1B0)dρ
2 + dη2
ρ2
+
(A0dθ − B0dϕ)2 + (A1dθ − B1dϕ)2
(A0B1 −A1B0) , (2.113)
is self-dual. All self-dual metrics with two commuting surface orthogonal Killing vectors arise
locally in this way.
Equation (2.112) implies the existence of a potential function G such that
A0 = Gρ; A1 = Gη. (2.114)
Then (2.111) implies that Gρρ+Gηη = Gρ/ρ. Conversely, as we have seen above, (2.111) implies
that
A0 = −ρVη; A1 = ρVρ, (2.115)
and (2.112) gives the Ward monopole equation [129]
Vηη + ρ
−1(ρVρ)ρ = 0. (2.116)
The relations
Gρ = −ρVη; Gη = ρVρ, (2.117)
constitute a Backlund transformation allowing to find a monopole V starting with a known G
or viceversa. The functions Bi can be also expressed in terms of another potential functions G
′
and V ′ satisfying the same equations than V and G.
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It should be reminded that we have presented till now two different types of self-dual families
with two commuting Killing vectors, namely (2.113) and (2.47). The equations (2.111) and
(2.112) are different to the Cauchy-Riemann one (2.50), and is simple to check that there does
not exist a coordinate change converting (2.111) and (2.112) into (2.50). Therefore (2.113) and
(2.47) are not related by a coordinate transformation. The first are the most general self-dual
structures with two commuting Killing vector that are surface-orthogonal [147], [132]. This
mean that the manifold M corresponding to (2.113) is of the form M = N × T 2, being T 2 the
two dimensional torus. Instead the families (2.47) admits a T 2 action but has no compatible
product structure M = N × T 2.
There exist a theorem given in [132] that shows that the Killing vector of a quaternion
Kahler space are surface orthogonal. Therefore in order to find the toric quaternion Kahler
spaces we should impose the Einstein condition on (2.113) and not on (2.47). This is the
purpose of the next subsection.
2.4.6 Identification of the quaternionic-Kahler metrics with at least one isometry
We have shown in the previous subsection a notable one to one correspondence between self-
dual structures with one isometry and 3-dimensional Einstein-Weyl structures. A generalization
of this result to the Einstein self-dual metrics was obtained independently in [148], [82]. The
result is stated in the following proposition.
Proposition 7 For any self-dual Einstein metric g with one Killing vector in D=4 there
exist a system of coordinates (x, y, z, t) for which takes the form
g =
1
z2
[V (eu(dx2 + dy2) + dz2) +
1
V
(dt+ A)2]. (2.118)
The functions (V,A, u) are independent of the variable t and satisfies
(eu)zz + uyy + uxx = 0, (2.119)
dA = Vxdz ∧ dy + Vydx ∧ dz + (V eu)zdy ∧ dx, (2.120)
V = 2− zuz. (2.121)
Conversely, any solution of (2.119), (2.119) and (2.121) define by (2.118) a self-dual Einstein
metric.
If the condition (2.121) is relaxed then proposition 7 reduces to the proposition 5 up to
an scaling by 1/z2. Then (2.121) is the condition to be satisfied in order to have an Einstein
metric. It is sufficient because the integrability condition
(V eu)zz + Vyy + Vxx = 0,
is always satisfied for V = 2 − zuz. In other words, every SU(∞) Toda solution define a
self-dual metric by (2.118).
Proposition 7 is describe the local form of a quaternion Kahler space with one isometry.
Quaternion Kahler spaces with two commuting Killing are a subcase of (2.118). Equation
(2.119) show us that the family [g] associated to such quaternion Kahler metrics are of the
Toda type. Therefore in order to find the quaternion Kahler metrics with U(1)×U(1) isometry
we should apply proposition 7 to the metrics of proposition 6 and not to (2.47).
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To determine which g among the Joyce metrics (2.113) satisfy Rij ∼ gij we apply condition
(2.121) to them. For Joyce spaces we can calculate the factor ω = −uzdz by use of ∗dA =
dV − ωV , (2.109) and (2.110). The result is
uz =
A0
ρ(A20 + A
2
1)
.
Then we have
2− zuz = ρ(A
2
0 + A
2
1)−GA0
ρ(A20 + A
2
1)
. (2.122)
Insertion of the expression for V (2.109) into the Einstein condition V = 2 − zuz and taking
into account (2.122) gives
A1B0 − A0B1 = ρ(A20 + A21)−GA0. (2.123)
From (2.123) it is obtained that B0 = ρA1 + ξ0 and B1 = G− ρA0 + ξ1 with A1ξ0 = A0ξ1. The
functions ξi are determined by the requirement that Bi also satisfy the Joyce system (2.111)
and (2.112), the result is ξ0 = −ηA0 and ξ1 = −ηA1. Therefore the metric gj/ρz2 is Einstein if
and only if
A0 = Gρ; A1 = Gη (2.124)
B0 = ηGρ − ρGη; B1 = ρGρ + ηGη −G. (2.125)
Defining G =
√
ρF it follows that F satisfies
Fρρ + Fηη =
3F
4ρ2
.
Then inserting (2.124) and (2.125) expressed in terms of F into gj/ρz
2 and making the identi-
fication z = G gives the following assertion due to Calderbank and Pedersen [132].
Proposition 8 For any Einstein-metric with self-dual Weyl tensor and nonzero scalar
curvature possessing two linearly independent commuting Killing fields there exists a coordinate
system in which the metric g has locally the form
g =
F 2 − 4ρ2(F 2ρ + F 2η )
4F 2
dρ2 + dη2
ρ2
+
[(F − 2ρFρ)α− 2ρFηβ]2 + [(F + 2ρFρ)β − 2ρFηα]2
F 2[F 2 − 4ρ2(F 2ρ + F 2η )]
, (2.126)
where α =
√
ρdθ and β = (dϕ+ ηdθ)/
√
ρ and F (ρ, η) is a solution of the equation
Fρρ + Fηη =
3F
4ρ2
. (2.127)
on some open subset of the half-space ρ > 0. On the open set defined by F 2 > 4ρ2(F 2ρ +F
2
η )
the metric g has positive scalar curvature, whereas for F 2 < 4ρ2(F 2ρ + F
2
η ) -g is self-dual with
negative scalar curvature.
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The Einstein condition Rij = κgij is not invariant under scale transformations, so Propo-
sition 8 gives all the quaternionic-Kahler metrics with T 2 isometry up to a constant multiple.
The problem to find them is reduced to find an F satisfying the linear equation (2.127), that
is, an eigenfunction of the hyperbolic laplacian with eigenvalue 3/4.
The equation for V (2.116) and has solutions of the integral form
V1(ρ, η) = W (η, iρ) + c.c, V2(ρ, η) =W (iη, ρ) + c.c
W (η, ρ) =
1
2π
∫ 2pi
0
H(ρsen(θ) + η)dθ (2.128)
where H(z) is an arbitrary function of one variable [129]. The Backlund relations (2.117)
define V in terms of G, and consequently in terms of F , and viceversa. For instance, non trivial
eigenfunctions F can be constructed selecting an arbitrary H(z), performing the integration
(2.128) and finding G through (2.117), then F = G/
√
ρ.
2.4.7 Examples of toric quaternion Kahler spaces
The following are quaternionic metrics constructed starting with an arbitrary function G(x).
A. The trivial four dimensional toric metric
ds2 = dρ2 + dη2 + ρ2dφ2 + dψ2
corresponds to the monopole
V = η
(This AHF holds using G(x) = x log(x) in the integral expression (2.128)). The equations
(2.117) are in this case
Hρ = −ρ; Hη = 0,
and the eigenfunction F is given by
F =
ρ3/2
2
.
The insertion of the last eigenfunction in (2.126) gives the following metric
g = −2dρ
2 + 2dη2
ρ2
− ρ
2(1 + 3ρ) + η2(9 + 7ρ)
2ρ5
dφ2 − 8
ρ4
dψ2 − 16η
ρ4
dφdψ. (2.129)
The inequality F 2 < 4ρ2(F 2ρ +F
2
η ) holds for ρ > 0. Invoking the Talderbank-Pedersen theorem,
we see that for ρ > 0 the quaternionic kahler metric is -g. In this case κ = −1 and the three
1-forms Ai are
A1 =
2dη
ρ
; A2 =
2dφ
ρ
; A3 =
2η
ρ2
dφ+
2
ρ2
dψ.
The metric constructed in this example is defined for all the positive values of ρ.
B. With the function G(x) = log(x)x3 it is found the monopole
V = 3ηρ2 − 2η3
and the hyperkahler metric
ds2 = (3ρ2 − 6η2)(dρ2 + dη2 + ρ2dφ2) + 1
3ρ2 − 6η2 (dψ + 6ηρ
2dφ)2.
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The Backglund transformed F results
F =
3
4
ρ3/2(4η2 − ρ2)
and the corresponding metric is
g = gρρ(dρ
2 + dη2) + gφφdφ
2 + gψψdψ
2 + 2gφψdφdψ, (2.130)
where the components of the metric tensor are
gρρ = −4(8η
4 + 6η2ρ2 + 3ρ4)
(ρ3 − 4η2ρ)2
gφφ = −8η
4ρ2(19 + 5ρ) + 16η6(9 + 7ρ) + ρ6(1 + 35ρ) + 3η2ρ4(35 + 61ρ)
9ρ5(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4)
gψψ = − 64(4η
4 + ρ4)
9ρ4(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4)
gψφ = − 32(8η
5 − ρ2η3 + 3ηρ4)
9ρ4(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4) .
As in the example A, F 2 < 4ρ2(F 2ρ + F
2
η ) for ρ > 0, -g is a quaternionic kahler metric and
κ = −1. The three forms Ai are given by
A1 =
8η
ρ2 − 4η2dρ+
4(ρ2 − 2η2)
ρ(ρ2 − 4η2)dη
A2 =
4
3ρ(ρ2 − 4η2)dφ; A
3 =
4η
3ρ(ρ2 − 4η2)dφ+
4
3ρ(ρ2 − 4η2)dψ.
The metric (2.130) is singular at ρ→ 0 and at the lines 2|ρ| = |η|.
C. The powers G(x) = xn and G(x) = log(x)x2n+1 can be integrated out giving polynomial
solutions of higher degree. For instance G(x) = Log(x)x5 gives
V = 3ηρ2 − 2η3; F = 1
η
(8η4 + 40η2ρ2 + 15ρ4).
The even powers G(x) = x2n log(x) can be integrated too, but the expressions of the metrics are
more complicated by the appearance of logarithm terms. For example, with G(x) = log(x)x2
it is obtained
V = 6η2 − ρ2 − 6η2
√
1 +
ρ2
η2
+ 2(ρ2 − 2η2) log( 2
η +
√
η2 + ρ2
)
F =
4
3
η3 − 4ηρ2 − 4
3
η2(η2 + ρ2) +
8
3
ρ2(η2 + ρ2) + 4ηρ2 log(
2
η +
√
η2 + ρ2)
).
The expression for the quaternionic metric and the hyperkahler one corresponding to such
solutions is very large and difficult to simplify.
D. The function G(x) = ex gives
V = e±iηI0(ρ) + c.c
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where In(ρ) denotes the modified Bessel function of the first kind, which are solutions of the
equation
ρ2H ′′(ρ) + ρH ′(ρ)− (ρ2 + n2)H(ρ) = 0.
The hyperkahler space that corresponds to this monopole is:
ds2 = ρI1(ρ)(dρ
2 + dη2 + ρ2dφ2) cos(η)
+
1
ρI1(ρ) cos(η)
{dψ + ρ[I1(ρ) + ρ
2
(I0(ρ) + I2(ρ))] sin(η)dφ}2. (2.131)
The Backglund transformed eigenfunction F is given by
F =
√
ρI1(ρ)e
±iη + c.c.
and from this solutions it follows the quaternionic metric
dsqk =
Θ(ρ, η)
4ρI1(ρ)2
(dρ2 + dη2) +
[2ρ3/2I1(ρ)β cos(η)− ρ3/2(I0(ρ) + I2(ρ))α sin(η)]2
Φ(ρ, η)
+
[2ρ3/2I1(ρ)α cos(η) +
√
ρ(ρI0(ρ) + 2I1(ρ) + ρI2(ρ))β sin(η)]
2
Φ(ρ, η)
, (2.132)
where it has been defined
Θ(ρ, η) = ρI0(ρ)
2 + 2I1(ρ)I2(ρ) + ρI2(ρ)
2 + 4ρI1(ρ)
2(
cos(η)
sin(η)
)2 + 2I0(ρ)(I1(ρ) + ρI2(ρ))
and
Φ(ρ, η) = −ρ2I1(ρ)2 sin(η)2[4ρ2I1(ρ)2 cos(η)2−I1(ρ)2 sin(η)2+(ρI0(ρ)+I1(ρ)+ρI2(ρ))2 sin(η)2].
It will be quaternionic for the regions of the plane (ρ, η) in which F 2 < 4ρ2(F 2ρ + F
2
η ). In those
regions k = −1. The three one forms Ai are
A1 =
1
2
[1 + tan(η) +
ρ
I1(ρ)
tan(η)(I0(ρ) + I2(ρ))]
dη
ρ
− tan(η)dρ
A2 =
α√
ρI1(ρ) cos(η)
; A3 =
β√
ρI1(ρ) cos(η)
.
The radial component of the metric (2.132) shows that some of the singularities are the zeros
of I1(ρ).
By completeness we will also discuss the spaces corresponding to the m-pole solutions in-
vestigated in [155] and [132]. The dynamics of the M-theory on toric G2 cones constructed with
m-pole spaces as base manifolds have been analyzed in [97] and [98]. Such examples leads to
toric Einstein self-dual spaces of positive scalar curvature which are complete (thus compact)
and admiting only orbifold singularities. As such, they seem to be the best candidates with
U(1)× U(1) isometry for which the physical analysis given in [42] can be applied. In the first
reference of [132] it has been described the moduli space corresponding to the 3-pole solutions
and has been shown that they encode some well known examples appearing in the physics, like
the Bianchi type spaces. It will be shown that the hyperkahler metrics corresponding to the
3-pole solution are those discussed in [131] which gives rise to the 3-dimensional Eguchi-Hanson
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like Einstein-Weyl metrics after the quotient by one of the isometries. The following exposition
follows closely those given in the references [132].
The basic eigenfunctions F of (2.127) which we need to consider are
F (ρ, η, y) =
√
(ρ)2 + (η − y)2
√
ρ
(2.133)
where the parameter y takes arbitrary real values. Using the Backglund transformation it is
found the basic monopole
V (η, ρ, y) = − log[η − y +
√
ρ2 + (η − y)2]. (2.134)
Being the equations for F and V linear, for any set of real numbers wi the functions
F =
k+1∑
j=0
wiF (ρ, η, yj). (2.135)
V =
k+1∑
j=0
wiV (ρ, η, yj) (2.136)
will be solutions too. For this reason the 2-pole functions given by
F1 =
1 +
√
ρ2 + η2√
ρ
; F2 =
√
(ρ)2 + (η + 1)2
√
ρ
−
√
(ρ)2 + (η − 1)2
√
ρ
,
are eigenfunctions of the hyperbolic laplacian. The first one gives rise to the spherical metric,
while the second one gives rise to the hyperbolic metric
ds2 = (1− r21 − r22)−2(dr21 + dr22 + r21dθ21 + r22dθ22).
The relation between the coordinates (r1, r2) and (ρ, η) can be extracted from the relation
(r1 + ir2)
2 =
η − 1 + iρ
η + 1 + iρ
.
The hyperkahler metrics corresponding to both cases are
ds2 = − 1√
ρ2 + η2
(dρ2 + dη2 + ρ2dφ2)−
√
ρ2 + η2(dψ +
η√
ρ2 + η2
dφ)2, (2.137)
and
ds2 =
√
ρ2 + (η − 1)2 −
√
ρ2 + (η + 1)2√
ρ2 + (η + 1)2
√
ρ2 + (η − 1)2
(dρ2 + dη2 + ρ2dφ2)
+
√
ρ2 + (η + 1)2
√
ρ2 + (η − 1)2√
ρ2 + (η − 1)2 −
√
ρ2 + (η + 1)2
[dψ + (
η + 1√
ρ2 + (η + 1)2
− η − 1√
ρ2 + (η − 1)2
)dφ]2. (2.138)
The general ”3-pole” solutions are
F =
1√
ρ
+
b+ c/m
2
√
ρ2 + (η +m)2
√
ρ
+
b− c/m
2
√
ρ2 + (η −m)2
√
ρ
.
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By definition −m2 = ±1, which means that m can be imaginary or real. The corresponding
solutions are denominated type I and type II respectively. It is convenient to introduce the
Eguchi-Hanson like coordinate system defined by
ρ =
√
R2 ± 1 cos(θ), η = R sin(θ),
where θ takes values in the interval (−π/2, π/2). In this coordinates
√
ρF = 1 + bR + c sin(θ), (2.139)
ρ−1[
1
4
F 2 − ρ2(F 2ρ + F 2η )] =
b(R∓ b) + c(sin(θ) + c)
R2 ± sin2(θ) . (2.140)
and the family of self-dual metrics corresponding to the 3-pole are expressed as
ds2 =
b2 − c2 + (bR − cS)
(1 + bR + cS)2
(
dR2
R2 − 1 +
dS2
1− S2 )
1
(1 + bR + cS)2(b2 − c2 + (bR − cS))(R2 − S2)
∗((R2 − 1)(1− S2)((bR − cS)dϕ+ (cR− bS)dψ)2
+((b(R2 − 1)S + c(1− S2)R)dϕ+ (c(R2 − 1)S + b(1 − S2)R + (R2 − S2)dψ)2) (2.141)
It has been denoted S = sin(θ) here. The expression (2.141) includes some well known metrics.
Let us focus in the type I case. The formulas (2.139) and (2.140) allows to determine the
domain of definition of the metric (2.126). When b is nonzero for a given value of θ, F = 0
if R = −(1 + c sin(θ))/b and (1
4
F 2 − ρ2(F 2ρ + F 2η )) = 0 if R = (b2 + c2 + c sin(θ))/b. The
case c = 0 correspond to a bi-axial Bianchi IX metric [135]. The domains of definition are
(−∞, R∞), (R∞, R±), and (R±,∞). In the first two cases the curvature is negative, and in the
last one positive, and in the two last cases there is an unremovable singularity at R = R±. In
the case b = 0 for c > 1 and c < 1 the metric will be of Bianchi VIII type [133]. The case c = 1
corresponds to the Bergmann metric on CH2.
For the type II case, the range of R is (1,∞) but the moduli space is more complex that
in the type I case. For the lines b = ±c it is obtained the hyperbolic metric if b < 0 and the
spherical metric if b > 0. If (b, c) = (1, 0) it is obtained the Fubbini-Study metric on CP 2
whereas the points (0, 1), (−1, 0) and (0,−1) yield again the Bergmann metric on CH2. Along
the lines joining (1, 0) with others we have bi-axial Bianchi metric IX, while along the lines
between (0, 1), (−1, 0) and (0,−1) the metric is Bianchi VIII. A more complete description is
given in [132].
The triplet of one forms corresponding to this family of metrics is
A1 = A1+ + A
1
−,
A2 =
√
(R2 ± 1)(1− S2)
(1 + bR + cS)
dφ A3 =
dψ + ηdφ
(1 + bR + cS)
,
where it has been defined
A1± = A
1
1± + A
1
2± + A
1
3±,
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with
A11± =
(b± c/m)(SR±m)
(1 + bR + cS)
√
(1− S2)(R2 ± 1) + (SR±m)2
∗
(
S
√
R2 ± 1
2
√
1− S2 dS +
R
√
1− S2√
R2 ± 1 dR)
and
A12± =
(b± c/m)
√
(1− S2)(R2 ± 1) + (SR±m)2
2(1 + bR + cS)
√
R2 ± 1 (R
dS√
1− S2 + SdR)
and
A13± = [
(b± c/m)(R2 ± 1)1/2(1− S2)1/2
2
√
(1− S2)(R2 ± 1) + (SR±m)2
− (b± c/m)
√
(1− S2)(R2 ± 1) + (SR±m)2
4(1− S2)1/2(R2 ± 1)1/2 ]∗
√
(1− S2)(R2 ± 1)
(1 + bR + cS)
√
R2 ± 1(R
dS√
1− S2 + SdR)
(The sign ± in (R2 ± 1) depends only on the metric in consideration, it is + for type I and
− for type II.)
The Backglund transformed function V reads
V = log(ρ) +
(b+ c/m)
2
log[
η −m+
√
(η −m)2 + ρ2
ρ
]
+
(b− c/m)
2
log[
η +m+
√
(η +m)2 + ρ2
ρ
].
For the type I case this is the potential for an axially symmetric circle of charge, while the type
II case corresponds to two point sources on the axis of symmetry. The hyperkahler metrics
obtained are encoded in the following expression
ds2 =
bR + c
√
1− S2
R2 ± (1− S2) (dρ
2 + dη2 + ρ2dφ2)
+
R2 ± (1− S2)
bR + c
√
1− S2 [dψ +
R2 ± (1− S2)− b(R2 ± 1)√1− S2 + cRS2
R2 ± (1− S2) dφ]
2. (2.142)
This manifolds have been investigated recently in [131] and it has been shown that the quotient
of (2.142) with ∂
∂φ
gives the Eguchi-Hanson type Einstein-Weyl metrics in D=3.
The continuum limit of the expressions (2.135) and (2.136) are
F (ρ, η) =
∫
w(y)F (ρ, η, y)dy. (2.143)
V (ρ, η) =
∫
w(y)V (ρ, η, y)dy. (2.144)
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where w(y) is a distribution with compact support in R. A choice of w(y) for which at least
one of the integrals (2.143) and (2.144) converges gives rise to an smooth solution. For instance
for w(y) = y/(y2 + 1)2 it is obtained the following non-trivial monopole
V (ρ, η) =
cos(1
2
Arg(1− 2iη − η2 − ρ2)) log( |1−iη−
√
(1−iη)2+ρ2|
|1+iη−
√
(1−iη)2+ρ2|
)√
|(1− iη)2 + ρ2|
+
sin(1
2
Arg(1− 2iη − η2 − ρ2))Arg(1−iη−
√
(1−iη)2+ρ2
1+iη−
√
(1−iη)2+ρ2
)√
|(1− iη)2 + ρ2|
,
and from (2.83) follows an hyperkahler metric. But (2.143) is divergent for this distribution.
To conclude this subsection it should be mentioned that higher m-pole solutions have been
considered in [97] and [98], and that quaternionic spaces with torus symmetry have been inves-
tigated recently in [136] using the harmonic space formalism.
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2.5 Higher dimensional hypergeometry
The previous sections were concerned with quaternion Kahler and hyperkahler manifolds in
d = 4. In this section we deal with higher dimensional ones. We present the most general
4n-dimensional hyperkahler metrics with n commuting tri-holomorphic Killing vectors [146],
namely the Pedersen-Poon metrics. This result generalize the Gibbons-Hawking one (2.66) to
d = 4n. We also present a construction allowing to extend an arbitrary quaternion Kahler
metric in d = 4n to other quaternion Kahler and an hyperkahler ones in d = 4(n + 1). This is
the Swann construction [22]. As we will see, the Swann extension of the Calderbank-Pedersen
metrics (2.126) preserves the Killing commuting Killing vectors and they are tri-holomorphic
with respect to the new metric. Therefore the extension is of a Pedersen-Poon type. Once this
is understood it is straightforward to construct certain classical supergravity solutions. This is
the subject of the next section.
2.5.1 Construction of 4n hyperkahler manifolds with T n tri-holomorphic isometry
Let us remind that in section 3 we have described all the four dimensional hyperkahler spaces
with at least one self-dual Killing vector namely, the Gibbons-Hawking metrics. We have seen
that for such spaces there always exist a coordinate system for which the metric take the form
g = V −1(dt− ω)2 + V dx · dx. (2.145)
The vector K = ∂t satisfies
LKg = 0 =⇒ Kµ;ν +Kν;µ = 0 (2.146)
and is therefore a Killing vector. The tensor Kµν = ∇µKν satisfies
∗gKµν = Kµν (2.147)
and for this reason K is called self-dual in the terminology of the references [75]-[74].
The vector K = ∂t also preserve the hyperkahler triplet J
k
of (2.145). Explicitly J
k
is given
by
J
k
= (dt+ A) ∧ dxk − ǫkrsU(dxr ∧ dxs), (2.148)
and from (2.148) its is direct to check that
LKJ i = 0. (2.149)
In general a vector preserving J
i
as in (2.150) is called tri-holomorphic. If instead we have that
LKJ i = 0, (2.150)
then K preserve the complex structures and is called tri-hamiltonian.
It can be shown that any two of the conditions given above for K implies the third. This
mean in particular that for the metric (2.145) the vector K = ∂t is Killing, tri-holomorphic
and tri-hamiltonian. For the spaces (2.79) this condition does not hold, the Gibbons-Hawking
metrics (2.145) are the only one with this properties in d = 4.
The higher dimensional analogs of (2.145) to d = 4n dimensions are the hyperkahler spaces
with n commuting tri-holomorphic Killing vectors ∂ti . A plausible anzatz is obtained by intro-
ducing a set on 3n coordinates xi = {xir, i = 1, .., n r = 1, 2, 3} and the metric
g = Uijdxi · dxj + U ij(dti + Ai)(dtj + Aj), (2.151)
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where the symmetric matrix Uij and then its inverse U
ij are independent of the coordinates ti.
The n one forms Aj have the form
Ai = dx
j · Σij (2.152)
where the matrix Σij also do not depend on the ti coordinates. The hyperkahler triplet corre-
sponding to (2.151) is given by
J
k
= (dtr + Ar) ∧ dxrk − Uij(dxi × dxj)k (2.153)
Here × denote the exterior product of forms (for instance the 3-component of dxi × dxj is
dxi1 × dxj2). Then it is directly seen that L∂iJk = 0, therefore the Killing vectors ∂ti are tri-
holomorphic and tri-hamiltonian. For n = 1 (2.151) reduce to the Gibbons-Hawking metrics
(2.145).
Let us now find the conditions should be satisfied for (2.151) to be an hyperkahler metric.
In order to use the 4n-bein formalism we can express the matrix U as
U = KTK (2.154)
for a non singular matrix K, which is defined by (2.154) up to an SO(n) rotation. Then we
can select the 4n-bein as
ea = Kajdx
j (i = 1, .., 3n)
ea = (dtj + Aj)K
aj (2.155)
being Kaj the inverse of Kaj . Then if (2.151) is hyperkahler, then N
i(X, Y ) = 0 for every of
the complex structures J i corresponding to (3.300). In 4n dimensions the conditions (2.99)
are generalized to a system of equations with a 4n vector potential A˜1, ..., A˜4n that we will not
write for simplicity. But introducing (2.155) into such system gives finally the following system
of equations
Fxi
k
xj
l
= ǫklm∇ximUj ,
∇ximUj = ∇xjmUi, (2.156)
Ui = (Ui1, ...., Uin),
being Fxi
k
xj
l
the strength tensor corresponding to the ”vector potential” Aa. If the last two
conditions holds then (2.151) is hyperkahler.
It was also shown that (2.151) are unique. In other words, for any T n hyperkahler metrics
there exists a coordinate system in which they can be cast in the form (2.151) [146]-[171]. Such
system is the momentum map system. In general momentum maps are related to a compact
Lie group G acting over an hyperkahler manifold M by tri-holomorphic Killing vectors X , i.e,
Killing vectors satisfying
£XJ
k = 0 .
The last condition implies that X preserves the hyperkahler forms J
k
, that is
£XJ
k
= 0 = iX dJ
k
+ d(iXJ
k
).
Here iXJ
k
denotes the contraction of X with the hyperkahler forms. By supposition M is
hyperkahler, then dJ
k
= 0 and
d(iXJ
k
) = 0.
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This mean that iXJ
k
can be expressed locally as the differential of certain function xXk , namely
dxXk = iXJ
k
. (2.157)
The functions xXk are called momentum maps and are defined up to a constant.
In the case (2.151) the isometries are ∂/∂ti and the hyperkahler form corresponding to
(2.160) is [138]
J
k
= (dti + Ai)dx
i
k − Uij(dxi ∧ dxj)k. (2.158)
From the last expression it follows that
dxik = itiJ
k
(2.159)
and therefore (x1i , ..., x
n
i ) are really the momentum maps of the isometries. All the results of
this section are stated in the following proposition [146].
Proposition 9 For any hyperkahler metric in D = 4n with n commuting tri-holomorphic
U(1) isometries there exists a coordinate system in which takes the form
g = Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj), (2.160)
where (Uij , Ai) are solutions of the generalized monopole equation
Fxiµxjν = ǫµνλ∇xiλUj,
∇xi
λ
Uj = ∇xj
λ
Ui, (2.161)
Ui = (Ui1, .., Uin),
and the coordinates (x1i , ..., x
n
i ) with i = 1, 2, 3 are the momentum maps of the tri-holomorphic
vector fields ∂/∂ti.
The spaces in the form(2.160) are known as the Pedersen-Poon metrics. Equations (2.161)
are known as monopole equations by interpreting Fxiµxjν as a vector potential and Ui as certain
Higgs fields. Some Pedersen-Poon examples will be constructed in the following section.
2.5.2 Quaternion Kahler spaces in quaternion notation
It is convenient to introduce a notation for quaternion Kahler manifolds in terms of quaternions,
that has the advantage to be more compact [22]. It is fundamental to observe that the holonomy
of a quaternion Kahler space is in Sp(n) × Sp(1) and therefore from the very beginning the
connection ω will take values in the algebra sp(n) ⊕ sp(1) with splitting ω = ω+ + ω−. The
Lie algebra sp(n) of Sp(n) can be expressed in terms of quaternion valued matrices A with the
property A+ A
t
= 0.
Let us consider now two arbitrary H-valued 1-forms
µ = µ0 + µ1I + µ2J + µ3K, ν = ν0 + ν1I + ν2J + ν3K,
being I, J and K unit quaternions. We define the quaternionic wedge product as
µ ∧q ν = (µ0 ∧ ν1 − µ2 ∧ ν3)I + (µ0 ∧ ν2 − µ3 ∧ ν1)J + (µ0 ∧ ν3 − µ1 ∧ ν2)K (2.162)
42
+µ0 ∧ ν0 + µ1 ∧ ν1 + µ2 ∧ ν2 + µ3 ∧ ν3,
and in particular for two pure quaternionic forms we have
µ ∧q µ = (µ0 ∧ µ1 − µ2 ∧ µ3)I + (µ0 ∧ µ2 − µ3 ∧ µ1)J + (µ0 ∧ µ3 − µ1 ∧ µ2)K, (2.163)
with components only in Im H. This product can be extended to Hn valued 1-forms, with
H-components given by
µi = µi0 + µ
i
1I + µ
i
2J + µ
i
3K, ν
i = νi0 + ν
i
1I + ν
i
2J + ν
i
3K. (2.164)
The wedge product ∧ of the forms (2.164) is defined as
µ∧ν = µi ∧q νi,
and is clearly seen that µ∧ν is H-valued.
Consider now a four dimensional metric
g = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4.
with an orthonormal tetrad ei. We can extend such tetrad to a quaternionic valued one
e = e1 + e2I + e3J + e4K, e = e1 − e2I − e3J − e4K,
for which the distance g is expressed as g = e⊗ e. The hyperkahler triplet associated to g
J
1
= e4 ⊗ e1 − e1 ⊗ e4 + e2 ⊗ e3 − e3 ⊗ e2
J
2
= e4 ⊗ e2 − e2 ⊗ e4 + e3 ⊗ e1 − e1 ⊗ e3 (2.165)
J
3
= e4 ⊗ e3 − e3 ⊗ e4 + e1 ⊗ e2 − e2 ⊗ e1
is extended in this notation to a quaternion valued (1, 1) tensor
J = J
1
I + J
2
J + J
3
K. (2.166)
From the definition (2.163) it follows that
J = e ∧q e. (2.167)
In 4n dimensions we select the Hn-valued einbein e defined by
ea = ea0 + e
a
1I + e
a
2J + e
a
3K. (2.168)
The metric is then g = ea ⊗ ea. Taking into account the representation of Sp(n) in terms of
quaternions we can write ω = ω+ + ω− also as a H
n one-form. Then it can be shown that the
first Cartan equation translates into
de = −ω∧e (2.169)
and that the hyperkahler triplet is
J = e∧e. (2.170)
The quaternionic expression of the fundamental relations (2.9) and (2.7) in D=4n are
dω− − ω−∧ω− = ΛJ, dJ − ω−∧J + J∧ω− = 0. (2.171)
Introducing the second (2.171) into the first to give
ΛdJ + ω−∧dω− − dω−∧ω− = 0, dω− − ω−∧ω− + ΛJ = 0, (2.172)
expressing J and dJ entirely in terms of the sp(1) connection ω− and its differentials.
43
2.5.3 The Swann extension
The Swann construction extend any quaternionic Kahler in dimension D = 4n to another
4(n + 1)-dimensional quaternion Kahler one [22]. Before to present it, let us consider an 4n
dimensional hyperkahler manifold M with metric g = δabe
a ⊗ eb. From the definition g has
holonomy in Sp(n). We make the trivial extension to a 4(n+ 1)-dimensional metric given by
g = g + (du0)
2 + (du1)
2 + (du2)
2 + (du3)
2, (2.173)
being (u0, u1, u2, u3) four new coordinates. The metric (2.173) is the direct sum of g plus a flat
metric. Then the holonomy Γ of (2.173) lies in Sp(n) ⊂ Sp(n+1), and thus (2.173) is a trivial
extension of g to a higher dimensional hyperkahler one.
Now let us generalize the trivial anzatz (2.173) by extending a quaternionic Kahler metric
g = δabe
a ⊗ eb to another one in D = 4(n + 1) of the form
gs = g|u|2g + f |du+ uω−|2. (2.174)
We have introduced the quaternions
u = u0 + u1I + u2J + u3K, u = u0 − u1I − u2J − u3K
ω− = ω
1
−I + ω
2
−J + ω
3
−K
and the radius
|u|2 = uu = (u0)2 + (u1)2 + (u2)2 + (u3)2.
being I, J,K the unit quaternions. It is clear that if we consider an hyperkahler base g then
ωi− = 0 and we recover (2.173) from (2.174) if the functions f(|u|2) and g(|u|2) are simply
constants. In general the explicit form of the metric is
gs = g|u|2g + f [(du0 − uiωi−)2 + (dui + u0ωi− + ǫijkukωk−)2] (2.175)
although the expression (2.174) will be better for the following.
If gs is quaternion Kahler space then Θ is closed (see the discussion below (2.19)) and this
gives a system of equation defining f and g. The fundamental four form (2.19) for gs is explicitly
Θ = fg(α ∧ α ∧ uet ∧ eu+ uet ∧ eu ∧ α ∧ α)
+g2|u|4et ∧ e ∧ et ∧ e+ f 2α ∧ α ∧ α ∧ α (2.176)
being α = du+ uω−. If we want to impose dΘ = 0 to (2.174) we need the identities
d(et ∧ e ∧ et ∧ e) = 0, (2.177)
dr2 = udu+ udu = uα + αu. (2.178)
d(uet ∧ eu) = α ∧ et ∧ eu+ uet ∧ e ∧ α, (2.179)
d(α ∧ α) = −c(uet ∧ e ∧ α + α ∧ et ∧ eu). (2.180)
An straightforward calculation by using (2.177)-(2.180) gives
dΘ = Aα ∧ α ∧ uet ∧ eu+ Auet ∧ eu ∧ α ∧ α +B|u|4dr2 ∧ et ∧ e ∧ et ∧ e, (2.181)
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with the coefficients A and B given explicitly by
A = − 3c|u|2f
2 +
3
|u|2fg + (fg)|u|,
B = − 2c|u|2fg +
2
|u|2g
2 + 2g(g)|u|.
The closure of Θ implies A = B = 0 and this gives two differential equations for f and g with
solution
f =
a
c(b|u|2 + d)2 , (2.182)
g =
1
b|u|2 + d, (2.183)
with a, b, c and d constants. Introducing (2.182)-(2.183) into (2.175) gives the metric
gs =
|u|2
b|u|2 + dg +
a
c(b|u|2 + d)2 [(du0 − uiω
i
−)
2 + (dui + u0ω
i
− + ǫijkukω
k
−)
2]. (2.184)
The closure of Θ in principle is not enough to prove that (2.174) is quaternionic Kahler. But it
is possible to show that the other necessary and sufficient conditions (2.8) and (2.9) are indeed
satisfied for (2.184). Therefore (2.184) gives a family of quaternion Kahler metrics, known as
the Swann metrics. The case b = 0 corresponds to an hyperkahler metric.
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2.6 Spaces with G2 holonomy
The Lie group G2 was considered by Berger [1] as one of the possible holonomy groups of
a Riemmanian Ricci-flat space. He also proved that G2 holonomy is possible only in seven
dimensions. The existence of G2 holonomy metrics was proved rigorously in [27] 30 years after
the Berger work. In particular explicit non compact examples in [29].
This spaces have direct application to Kaluza-Klein compactifications of M-theory. This is
due to the fact that G2 holonomy manifolds have globally defined one Killing spinor η satisfying
Diη = 0 and therefore as internal spaces they preserve certain amount of supersymmetries
after compactification. In fact the presence of such spinor is the reason for the reduction of the
holonomy from SO(7) to G2.
One of the main requirements in order to obtain a realistic four dimensional theory after
compactification is that the internal space should be compact [26]. Also the appearance of chiral
fermions in the effective theory is possible only if the internal space has certain singularities
[42]. Although the existence of compact G2 holonomy spaces was rigurously proved recently by
Joyce in [32], no explicit metrics over them are known. Although this problem complicate the
analysis of the effective theory in d = 4 all the physical phenomena near of the singularity is
local, that is, independent on the global properties of the manifold [95]. Non compact metrics
possessing conical singularities are therefore suitable for analyzing this kind of phenomena.
There also exist seven dimensional spaces that admit conformal Killing spinors that is, sat-
isfying Diη ∼ η. This spaces are called weak G2 holonomy spaces although their holonomy is
generically in SO(7). Weak G2 holonomy metrics also preserve certain amount of supersymme-
tries and there are known compact conical examples [43]. In general weak G2 holonomy spaces
are internal spaces with the presence of fluxes and can be constructed as the conical part of
cohomogeneity one Spin(7) spaces.
In this section we present certain features about G2, weak G2 and Spin(7) holonomy metrics.
In particular we will show that they are defined by certain self-duality conditions analog to the
four dimensional case but with the octonion constants replacing the Kronecker symbols. The
relation with octonion algebra is explained in certain detail.
2.6.1 The group G2 and the octonions
In the following we make a brief description about the Lie group G2. It is known that G2 ⊂
SO(7) is one of the exceptional simple Lie groups and that is simple connected. It’s Lie algebra
has 14 generators Gab and is the subgroup of SO(7) that is isomorphic to the automorphism
group of the octonions O [125].
The octonions constitutes the only non associative division algebra and can be constructed
as the doubling of the quaternions H (the associative ones are R, C and H). An arbitrary
octonion x ∈ O can be written as x = x0 + xiei, where the set ei is a basis of 7 unit octonions
with the multiplication rule
ei.ej = cijkek; ei.1 = 1.ei = ei (2.185)
and the components xi are real numbers. The constants cijk that define the multiplication table
(2.185) are totally antisymmetric and defined by
c123 = c246 = c435 = c367 = c651 = c572 = c714 = 1, (2.186)
up to an index permutation. The constants corresponding to another set of indices are zero.
The conjugated octonion basis is ei = −ei and it is clear that x = x0 − xiei.
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It is extremely important to recall that the octonions itself are not an associative algebra.
From (2.185) and (2.192) it is seen that (e3e7)e5 − e3(e7e5) = −e1, which clearly shows non
associativity. For this reason the octonions itself cannot be represented as a matrices with
complex components and do not satisfy the Jacobi identities. In other words, the algebra of O
is not a Lie algebra.
An automorphism is an isomorphism of an algebra A into itself. Under an automorphism
transformation the multiplication table
x.y = z
is left invariant, in other words
T (x).T (y) = T (z) where T ∈ AutA
The following characterization of the group G2 as the group of automorphism of the octonion
algebra O is due to Zorn [169]. Consider three arbitrary elements of O, for instance, e1, e2 and
e4, and the transformation σ given by
σ(e1) = e1
σ(e2) = cos(α)e2 + sin(α)e3 (2.187)
σ(e4) = cos(β)e4 + sin(β)e7
The images of the other elements are defined by the relations
σ(e2).σ(e4) = σ(e6), σ(e1).σ(e2) = σ(e3)
σ(e1).σ(e4) = σ(e7), σ(e4).σ(e3) = σ(e5) (2.188)
Explicitly we obtain that
σ(e1) = e1(
σ(e2)
σ(e3)
)
=
(
cos(α) sin(α)
− sin(α) cos(α)
)(
e2
e3
)
(
σ(e4)
σ(e7)
)
=
(
cos(β) sin(β)
− sin(β) cos(β)
)(
e4
e7
)
(2.189)
(
σ(e6)
σ(e5)
)
=
(
cos(α+ β) sin(α+ β)
− sin(α + β) cos(α + β)
)(
e6
e5
)
Relation (2.189) can also be written as σ(e2) + iσ(e3)σ(e4) + iσ(e7)
σ(e6) + iσ(e5)
 = e(aλ3+bλ8)e1
 e2 + ie3e4 + ie7
e6 + ie5
 (2.190)
where λ3 and λ8 are the Gell-Mann traceless matrices
λ3 =
 1 0 00 −1 0
0 0 0
 , λ8 =
 1 0 00 1 0
0 0 −2
 (2.191)
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and a and b are related to the angles by
α = a+
b√
3
, β = −a+ b√
3
. (2.192)
Relations (2.188) and (1.437) implies that σ(ei) satisfy the same multiplication rule than ei.
Conversely, every automorphism of the octonions belong in this manner to at least one Cayley
basis (that is, a basis generated by three different elements). The automorphism of the form
given above are called canonical automorphism. Each canonical automorphism has a fixed
element and three invariant planes
Ψ(e1) =
1
2
 e2 + ie3e4 + ie7
e6 + ie5
 = (1 + ie1)
2
 e6e2
e4

Ψ(e2) =
1
2
 e4 + ie6e3 + ie1
e5 + ie7
 = (1 + ie2)
2
 e4e3
e5

Ψ(e3) =
1
2
 e5 + ie4e1 + ie2
e6 + ie7
 = (1 + ie3)
2
 e5e1
e6

Ψ(e4) =
1
2
 e3 + ie5e6 + ie2
e7 + ie1
 = (1 + ie4)
2
 e3e6
e7
 (2.193)
Ψ(e5) =
1
2
 e1 + ie6e4 + ie3
e7 + ie2
 = (1 + ie5)
2
 e1e4
e7

Ψ(e6) =
1
2
 e2 + ie4e5 + ie1
e7 + ie3
 = (1 + ie6)
2
 e2e5
e7

Ψ(e7) =
1
2
 e1 + ie4e2 + ie5
e3 + ie6
 = (1 + ie7)
2
 e1e2
e3

A canonical automorphism leaving invariant the element eA is defined by
Ψ′(eA) = e
(aAλ3+bAλ8)eA
 eB + ieCeD + ieE
eF + ieg
 =
 e
′
B + ie
′
C
e′D + ie
′
E
e′F + ie
′
g
 (2.194)
(no Einstein convention is understood). Because we have seven canonical transformations the
group of automorphism of O is 14 dimensional.
Let us find the Lie algebra of the automorphisms. We will take the parameters aA and bA.
Corresponding to aA we have
Ψ′(eA) = e
aAλ3eA
 eB + ieCeD + ieE
eF + ieg
 =
 e
′
B + ie
′
C
e′D + ie
′
E
e′F + ie
′
g

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which gives (
e′B
e′C
)
=
(
cos(aA) sin(aA)
− sin(aA) cos(aA)
)(
eB
eC
)
(
e′D
e′E
)
=
(
cos(aA) − sin(aA)
sin(aA) cos(aA)
)(
eD
eE
)
This mean that it is induced a rotation on the planes (eB, eC) and (eD, eE) with angles aA and
-aA. Therefore the generator of this group action is
JBC − JDE (2.195)
being JBC and JDE the anti-hermitian rotation generators. In similar manner the generators
for the transformation corresponding to bA can be obtained, the result is
1√
3
(JBC + JDE − 2JFG). (2.196)
The indices run from 1 to 7 and therefore we have 14 generators. It is also direct to check that
they close under commutation and therefore they are a subalgebra of SO(7). This is the G2
subalgebra. If we add
JBC + JDE + JFG (2.197)
it can be seen that (2.195), (2.196) and (2.197) generate SO(7) [169].
As we recalled before, the associator
(a, b, c) = (ab)c− a(bc) (2.198)
for three arbitrary octonions a, b and c is not zero and therefore the algebra is non associative.
But (2.198) is fully antisymmetric and therefore the octonion algebra is alternating. Is therefore
obvious that
(ei, ei, ej) = 0
which implies that
cacdcbcd = 6δab. (2.199)
The octonions also obey the Moufang identity [125]
(xa)(xb) = x(ab)x. (2.200)
which implies that
cpaqcqbscscp = 3cabc. (2.201)
Let us define the dual octonion constants
cijkl =
1
3!
ǫabcdefgcefg, (2.202)
which are explicitly
c4567 = c2374 = c1357 = c1276 = c2356 = c1245 = c1346 = 1. (2.203)
It can be checked the fundamental identity
cabcd = (δbcδad − δacδbd) + cabeccde. (2.204)
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The constant cabc and cabcd can be assembled into a single object ψ
abcd, with a, b, . . . = 1, . . . 8
defined by
ψabc8 = c˜abc, ψabcd = c˜abcd (2.205)
Equation (2.202) translates into the eight-dimensional self-duality of ψabcd, that is
ψabcd =
1
4!
ǫabcdefghψefgh. (2.206)
If we consider the 8× 8 matrices γa given by
(γa)bc = (c˜abc + δa[bδc]8) (2.207)
where the constants c˜abc are equal to zero if one of the index is equal to 8 and to the octo-
nion constants in other case, then is seen that {γa, γb} = 4δabI. This means that γa are a
representation of the Dirac algebra in seven dimensions and therefore
(γab)cd =
1
4
[γa, γb] = (c˜abcd + c˜ab[cδd]8 + δa[cδd]b) (2.208)
are also a representation of the Lie algebra of SO(7). Consider the spinor η with components
ηa = δab. Then by use of the identities (2.201) and (2.199) it can be proved that
cmnp = iηγ
mnpη, γmnp = γ[mγnγp]. (2.209)
By use of Fierz rearrangement identities in seven dimensions together with (2.209) it is possible
to show many identities relating cabc and cabcd [168], [128], they are the following
cabeccde = −cabcd + δacδbd − δadδbc (2.210)
cacdcbcd = 6δab (2.211)
cabpcpcde = 3ca[cdδe]b − 3cb[cdce]a (2.212)
cabcpcdefp = −3cab[deδf ]c − 2cdef [aδb]c − 3cab[dcef ]c + 6δ[da δebδf ]c (2.213)
cabpqcpqc = −4cabc (2.214)
cabpqcpqcd = −2cabcd + 4(δacδbd − δadδbc) (2.215)
capqrcbpqr = 24δab (2.216)
cabpcpcqcqde = cabdδce − cabeδcd − cadeδbc + cbdeδac
−cacdδbe + caceδbd + cbcdδae − cbceδad (2.217)
cpaqcqbscscp = 3cabc (2.218)
Formulas (2.210)-(2.218) can also be derived from the basic identity for the product of two ψ
[105]
ψabcdψ
efgd = 6δ[ea δ
f
b δ
g]
c − 9ψ[ab[efδg]c] . (2.219)
Consider the operators
(P14)
cd
ab =
2
3
(δcdab +
1
4
ccdab), (P7)
cd
ab =
1
3
(δcdab −
1
2
cab
cd), (2.220)
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with δcdab =
1
2
(δcaδ
d
b − δdaδcb). It is straightforward to see from (2.212) that (P14)cdabccde = 0 and
(P7)
cd
abccde = cabe. Also from (2.215) we obtain
(P14)
ab
ef(P7)
cd
abScd = 0,
(P14)
ab
ef(P7)
cd
abScd = 0,
[(P14)
cd
ab + (P7)
cd
ab]Scd = Scd
and therefore (2.220) are orthogonal projectors. This means that for any tensor Sab that
transforms in the adjoint 21 representation of SO(7) we have the decomposition
Sab+ =
2
3
(Sab +
1
4
cabcdScd), cabcSbc+ = 0, (2.221)
Sab− =
1
3
(Sab − 1
2
cabcdScd) = cabcζc, ζc =
1
6
ccabSab, (2.222)
Sab = Sab+ ⊕ Sab− . (2.223)
This is analogous to the fact in D = 4 that any tensor transforming under the adjoint repre-
sentation SO(4) ∼ SU(2)L × SU(2)R is the direct sum of its self-dual and anti-self-dual parts.
We will say that Sab+ and S
ab
− are the self-dual and antiself-dual parts of S
ab. From the facts
stated above we see that
Sab+ =
1
2
cabcdS
cd
+ (2.224)
Sab− = −
1
4
cabcdS
cd
− (2.225)
that are analogous to the well known self-duality condition F ab = ±ǫabcdF cd in D = 4 but with
the octonion constants replacing the Kronecker symbols. By orthogonality of P14 and P7 also
holds the relation
SabUab = Sab+ U
ab
+ + S
ab
− U
ab
− . (2.226)
being Uab another SO(7) tensor. The projectors (2.220) induce an isomorphism of the SO(7)
algebra given by
Gab =
2
3
(γab +
1
4
cabcdγ
cd), (2.227)
Cab =
1
3
(γab − 1
2
cabcdγ
cd). (2.228)
From (2.192) and (2.203) we can see that there are 14 generators Gab and 7 generators Cab.
Gab are a representation of the Lie algebra of G2.
The group G2 is the subgroup of SO(7) has a one dimensional invariant subspace generated
by certain vector η. This mean that Aη = η being A an element of G2. This implies that
Gabη = 0, being Gab the infinitesimal generators of the group G2. For the representation (2.227)
this subspace is generated by an spinor with components ηa = δa8. This is the decomposition
8 → 7 + 1 of SO(7). The form of η depends on the representation, but its existence of course
not. G2 is also the group which leaves invariant the three-form
Φ =
1
3!
cabce
a ∧ eb ∧ ec (2.229)
and the 4-form
∗Φ = 1
3!
cabcde
a ∧ eb ∧ ec ∧ ed (2.230)
being e1, .., e7 a basis for a seven dimensional space V. The closure of (2.229) and (2.230) is one
of the main facts of G2 holonomy manifolds, as we will see in the following.
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2.6.2 G2 holonomy and self-duality
In the previous subsection we have defined the Lie group G2 as the subgroup of SO(7) that
has one and only one stable spinor η, also as the automorphism group of the octonions, and as
the group that leave the 3-form (2.229) invariant. We have also seen that the G2 component
of a tensor transforming under the adjoint representation 21 of SO(7) is self-dual (2.221). In
this section we will show that the analog holds for an space M with holonomy G2 that is, the
presence of one Killing spinor η globally defined on it, or that there is defined a three-form that
is closed and co-closed over it. Moreover for a G2 holonomy space it exist a rotation of the
frame which take to zero the anti-self-dual part of the spin connection. Therefore the curvature
of a G2 holonomy metric is self-dual.
It is evident that the holonomy of an arbitrary seven dimensional manifold M is always
included in SO(7). From the discussion of the previous subsection it follows that is reduced to
G2 if and only if there exist only one Killing spinor η, that is, an spinor globally defined over
M satisfying the condition
Diη = 0, (2.231)
being Di = I∂i + ω
a
ibγ
ab the covariant derivative in spinor representation. In other words the
existence of a globally covariant spinor allows the reduction 8 → 7 + 1 to 7 of the holonomy
group.
If we choose a the representation of SO(7) given by (2.227) and (2.228), and the spinor η
such that ηa = δab it follows that (γ
abη)c = cabc. Then
Diη = −1
4
ωiabγ
abη = −1
4
ωiabcabc = 0.
It can be checked by using (2.192) and (2.203) that the last condition is equivalent to
ωab =
1
2
cabcdω
c
d. (2.232)
A 7-dimensional space for which ωab satisfies (2.232) is called self-dual. We conclude that self-
dual spaces in D = 7 have G2 holonomy. It can be proved that this result is independent of
the representation of SO(7) and that the converse is also true, that is, for G2 holonomy there
exists always a rotation of the frame for which the anti self-dual part ω− goes locally to zero
[128].
G2 manifolds are always Ricci-flat. In fact, if we apply Dj to (2.231) and anti-symmetrize
we will obtain
Rabcdγ
abη = 0
where Rab = R
a
bcde
c ∧ ed is the curvature tensor. Now if we multiply by γi this expression and
using that Rabcd = Rcdab = −Rabdc and that Ra[ebc] = 0 we find that
Rijγ
jη = 0 ⇔ Rijγj = 0
But the matrices γi are linearly independent and therefore Rij = 0. Indeed, in any dimension,
the presence of a covariantly constant spinor implies Ricci-flatness by the reasoning given above.
It is well known that in D = 4 the self-duality of the spin connection implies the self-duality
of the curvature tensor. This is also true in seven dimensions. In [128] a clear proof was given.
It is based in the following identity for the octonion constants
cabcpcdefp = −3cab[deδe]b − 2cdef [aδb]c + 6δ[da δebδf ]c − 2cdef [aδb]c. (2.233)
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If (2.232) holds it is clear that dωab will be self-dual. The self-duality of ω
a
c ∧ ωcb follows using
that
1
2
cabcdω
c
e ∧ ωed =
1
4
cabcdcedfgω
c
e ∧ ωfg
= −1
2
cabfeω
f
c ∧ ωce +
1
4
caefgω
b
e ∧ ωfg −
1
4
cbefgω
a
e ∧ ωfg + ωac ∧ ωcb (2.234)
= −1
2
cabcdω
c
e ∧ ωed + 2ωac ∧ ωcb .
The identity (2.233) has been used here. From (2.234) is seen that
1
2
cabcdω
c
e ∧ ωed = ωac ∧ ωcb
which implies the self-duality of R = dω + ω ∧ ω.
From (2.232), the antisymmetry of (2.203) and the Bianchi identity Rd[ebc] = 0 it follows
that
Rab = Racbc =
1
2
cacdeRdebc =
1
2
cacdeRd[ebc] = 0. (2.235)
This is another proof that G2 holonomy spaces are Ricci-flat. For such case the Weyl tensor
Wabcd defined by
Wabcd = Rabcd +
R
(n− 1)(n− 2)(gacgbd − gadgbc)−
1
(n− 2)(gacRbd − gadRbc − gbcRad + gbdRac)
(2.236)
will be equal to the Riemann tensor. The first one is traceless, in consequence Ricci-flat
manifolds have traceless curvature tensor.
The condition to have holonomy G2 is also equivalent to the existence of a closed and co-
closed three form [27]. The natural candidates to consider are the G2 equivariant 3-form Φ
(2.229) and its dual ∗Φ [128]
Φ =
1
3!
cabce
a ∧ eb ∧ ec ∗ Φ = 1
4!
cabcde
a ∧ eb ∧ ec ∧ ed. (2.237)
Taking into account the identity
cabpcpcde = 3ca[cdδe]b − 2cb[cdδe]a
it is obtained
dΦ = − 1
3!2
cabce
a ∧ eb ∧ ωcd ∧ ed = − 1
3!
cabcccdefe
a ∧ eb ∧ ωef ∧ ed
=
1
3!
cadee
a ∧ ed ∧ ωeb ∧ eb = −2dΦ .
From here follows
dΦ = 0 . (2.238)
So, Φ is a closed form. Similarly, using (2.233) follows that
d ∗ Φ = − 1
4!6
cabcdωae ∧ ee ∧ eb ∧ ec ∧ ed = − 1
4!12
caefgcabcdω
fg ∧ ee ∧ eb ∧ ec ∧ ed
=
1
4!3
cfbcdω
fe ∧ ee ∧ eb ∧ ec ∧ ed = −2d ∗ Φ ,
which implies the closure of ∗Φ. This proves that G2 holonomy implies the closure of Φ and
∗Φ. But in [27] it has been proved that the closure and co-closure of Φ and the constance of
η give the same number of independent equations and therefore, both conditions are indeed
equivalent.
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2.6.3 The Bryant-Salamon construction
We present in this subsection an extension of a four dimensional quaternionic Kahler space to a
seven dimensional one with holonomy lying in G2. This construction was performed by Bryant
and Salamon in [29] and considered recently in [99]. In this section we intend to present such
construction not in the original form [29], but in a way more clear for physicists.
Consider a 7-manifold M = R3 ×M4 with metric
g = (du1)2 + (du2)2 + (du3)2 + gh (2.239)
being gh 4-dimensional metric doesn’t depending of the tree coordinates ui. Condition (2.232)
reduce for (2.239) to
ωij =
1
2
ǫijklω
k
l
being ωij the spin connection of gh. Therefore if gh has self-dual connection or at least there
exists locally a frame in which the anti-self-dual part of the connection goes to zero (and
therefore gh is hyperkahler) then g = gR3 ⊕ gh has holonomy included in SU(2) ⊂ G2. We can
generalize the anzatz (2.239) and consider instead
g = e2g[(D−u
1)2 + (D−u
2)2 + (D−u
3)2] + e2fgq, (2.240)
where gq is a quaternionic Kahler space in four dimension and we had replaced the usual
differentials dui by the covariant derivative
D−u
i = dui + ǫijkωj−u
k. (2.241)
As usual ωi− is the anti-self-dual part of the spin connection. The metric (2.239) corresponds to
the hyperkahler limit (in which locally we can select ωi− = 0) with f and g reduced to constants.
We select f and g as functions on the radius |u| =
√
u2i . Then condition (2.232) for (2.240) is
a constraint to be satisfied by f and g the resulting metric will have holonomy Γ ⊂ G2.
The explicit calculation of the connection ω gives
ωij =
f ′
|u| D−u
[iuj] − ǫijkωk−
ωmn = ωmn − κe2(f−g)ǫijkukJ jmnD−ui (2.242)
ωmi =
g′
|u| e
g−f emui − κef−g ǫijk ukJ jmnen
where (...)′ denotes the derivative with respect to |u|. The self-duality condition (2.232) gives
the equations
0 = ciabω
ab = cijkω
jk + cimnω
mn =
[ f ′
|u| + κ e
2(f−g)
]
ǫijkD−u
juk
0 = cmabω
ab = cmniω
ni = J imnω
ni =
[ g′
|u| − κ e
2(f−g)
]
eg−f J imne
n ui. (2.243)
Equations (2.243) are invariant under f → f + λ, g → g + λ which give a constant conformal
scaling of the metric (2.245). Also we have the second symmetry f → f − λ, u → eλ u which
leaves the metric invariant. Using these symmetries the solution result
e−4f = 2κ|u|2 + c , e4g = 2κ|u|2 + c. (2.244)
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By introducing (2.244) into (2.245) we obtain the Bryant-Salamon family of G2 metrics
g =
1√
2κ|u|2 + c
(dui + ǫijkωj−u
k)2 +
√
2κ|u|2 + c gq. (2.245)
Clearly in the limit ωj− = 0 and κ = 0 we recover (2.239).
The Bryant-Salamon metrics (2.245) are non-compact, because the coordinates ui can take
any real value, and this represent a problem when consider applications to compactification of
M-theory. Nevertheless they have the important property to be asymptotically conical. To see
that they are conical let us write (2.245) introducing spherical coordinates
u1 = |u| cos(θ),
u2 = |u| sin(θ) cos(ϕ),
u3 = |u| sin(θ) sin(ϕ),
and defining the new radial coordinate
r2 =
√
2κ|u|2 + c.
Then it is obtained
g =
dr2
(1− 4c
r4
)
+
r2
4κ
(1− 4c
r4
)gab(dx
a + ξai ω
i
−)(dx
b + ξbjω
j
−) +
r2
2
gq, (2.246)
where gab and ξ are the metric and the killing vectors of S
2 respectively. The corresponding
7-bein is explicitly
ei =
√
κ
2
rVi
e5 =
r
2
(dθ − sin(ϕ)ω2− + cos(ϕ)ω3−)
e6 =
r
2
(sin(θ)dϕ+ sin(θ)ω1− − cos(θ) cos(ϕ)ω2− − cos(θ) sin(ϕ)ω3−)
e7 =
dr
(1− 4c
r4
)1/2
being Vi the einbeins of the quaternion base gq. If we consider r
2 >> c then (2.246) is
g ≈ dr2 + r2Ω, (2.247)
being Ω the metric of a 6 manifold independent of the coordinate r. Thus the family (2.245) is
conical. The explicit form of Ω is
Ω = gab(dx
a + ξai ω
i
−)(dx
b + ξbjω
j
−) + gq. (2.248)
The metric (2.248) is of weak SU(3) holonomy, we will return to this point below.
It is instructive to check also the existence of a closed and co-closed 3-form. It is seen by
(2.229) that
Φ =
1
6
(1 + |u|2)−3/4 ǫijkD−ui ∧D−uj ∧D−uk + 2(1 + |u|2)1/4D−ui ∧ J i (2.249)
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and the dual ∗Φ is
∗Φ = 4(1 + |u|2) Θ + ǫijkD−ui ∧D−uj ∧ Jk. (2.250)
The 4-form Θ is defined in (2.19) and in four dimensions is equal to the volume form of M
Θ =
1
2
J
1 ∧ J1 = 1
2
J
2 ∧ J2 = 1
2
J
3 ∧ J3.
The covariant derivative D− is given by (2.241) and it follows that (D−)
2ui = ǫijkF
juk. For a
quaternionic base dΘ = 0 and from (2.7) it follows that D−J
a
= 0. It can be shown by use of
this relations that Φ is closed and co-closed.
2.6.4 Weak G2 and Spin(7) holonomy spaces
As it follows from the previous sections G2 holonomy manifolds admits a globally defined Killing
spinor η. In this subsection we study eight dimensional spaces with the same property. Also
we study seven dimensional ones that admits a conformal Killing spinor, that is, an spinor
satisfying Djη ∼ η. For the former the holonomy is included in Spin(7). The second have
generically SO(7) holonomy but are defined by certain conditions that are analog of the G2
case. For this reason we call such them ”weak G2 holonomy manifolds” [177].
In seven dimension the presence of conformally Killing spinor η namely
Diη = iλγiη, (2.251)
is a generalization of G2 holonomy condition (2.231), which is obtained as the limit λ → 0 of
(2.251). If we act on (2.251) by Di and antisymmetrize it is obtained
Rabij γabη = 8λ
2γijη.
Now if we multiply the last expression by γk and using that Rabcd = Rcdab = −Rabdc and that
Ra[ebc] = 0 we get
Rkjγ
jη = 4(d− 1)λ˜2γkη
which implies
Rij = 4(d− 1)λ2δij . (2.252)
Therefore if there exist a globally defined η satisfying (2.251) the metric is Einstein Rij ∼ gij
but with cosmological constant different than zero. Spaces satisfying condition (2.251) have
holonomy that lies in SO(7) and just in the limit λ → 0 we can state that the holonomy is
reduced to a subgroup of G2. For λ 6= 0 the space are weak G2 holonomy ones [177], [128].
As before, let us select the spinor ηi = δi8, then
Djη = iλγjη
together with (2.207) and (2.208) implies that
cabcω
ab
j = −
λ
2
δjc ⇐⇒ cabcωbc = − λ
12
ea. (2.253)
The relation (2.253) is equivalent to
ωab− = −
λ
12
cabce
c ⇐⇒ ωab = 1
2
cabcd ω
cd − λ
4
cabce
c. (2.254)
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Condition (2.254) is the weak self-duality condition in seven dimensions. If for a manifold there
exists a frame for which (2.254) hold then it will be weak G2 holonomy type.
The form Φ is defined as before in (2.237) and using (2.253)-(2.254) we obtain
dΦ = −1
2
cabce
a ∧ eb ∧ ωcd ∧ ed = −1
4
cabcccdefe
a ∧ eb ∧ ωef ∧ ed
+
λ
8
cabcccdee
a ∧ eb ∧ ee ∧ ed = −2dΦ + 3λ ∗ Φ. (2.255)
where we used (2.210) in the last step. So we conclude that
dΦ = λ ∗ Φ, (2.256)
and the last condition implies that d ∗Φ = 0. As expected, if the cosmological constant is zero
(2.256) reduce to the closure and co-closure of Φ and the holonomy is again in G2.
Weak G2 metrics can be constructed as the angular part of certain conical Spin(7) holonomy
spaces, that we will present in the following. This is analogous to the fact that weak SU(3)
manifolds are the angular part of certain conical G2 holonomy manifolds. Spin(7) spaces have
a globally defined Killing spinor η as their seven dimensional Ricci flat counterpart.
Spin(7) is the subgroup of SO(8) preserving the 4-form
Φˆ = ψabcde
a ∧ eb ∧ ec ∧ ed (2.257)
being ψabcd the self-dual constants associated to octonions defined in (2.205). Because we are
in the middle dimension, we see that ∗Φ = Φ. Intuition could suggest that as in the G2 case,
the holonomy will be reduced from SO(8) to Spin(7) if dΦˆ = 0.
Let us consider the SO(8) γ-matrices Γa = (Γa,Γ8), with a = 1, ..., 8
Γa =
(
0 iγa
−iγa 0
)
, Γ8 =
(
0 1
1 0
)
, {Γa,Γb} = 2δab , (2.258)
that correspond to the standard embedding of SO(7)v in SO(8). The SO(8) generators Γ
ab =
1
2
[Γa,Γb] satisfy the relations
Γab = cabcΓ9Γ8c , cabcdΓ
ab = −(4 + 2Γ9)Γcd , (2.259)
where Γ9 =
(
1 0
0 −1
)
is the chirality matrix. Then it can be shown that the right handed part
of an spinor η, namely η+ = (1− Γ9)η is invariant under the action of
Gab =
3
8
(
Γab +
1
6
ψabcdΓ
cd
)
, (2.260)
that is
Gabη+ = 0 . (2.261)
We can define as before the associated projectors
(P21)
cd
ab =
3
8
(δcdab +
1
6
ψcdab), (P7)
cd
ab =
5
8
(δcdab −
1
10
ψab
cd), (2.262)
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corresponding to the embedding of Spin(7) ⊂ SO(8). Let us call as before Aab+ and Aab− the
part annihilated by P7, or P21 respectively of an SO(8) tensor A
ab. As in the seven dimensional
case the Spin(7) part Aab+ satisfies a self duality condition related to the constants ψabcd namely
Aab+ =
1
2
cˆabcdA
cd
+ . (2.263)
Moreover, there is a Killing spinor η for which Aab+ η = 0.
From the previous paragraph it follows that a manifold M has Spin(7) holonomy if and
only if there is a global Killing spinor η for which Diη = 0 or equivalently, if its connection ω
a
b
satisfies
ωab =
1
2
cˆabcdω
c
d. (2.264)
The last condition is equivalent to the closure of Φˆ, namely
dΦˆ = 0. (2.265)
We omit the proof because they are similar to those presented in the G2 case. Spin(7) manifolds
are of course Ricci-flat as far as they admit a Killing spinor η. If we select one direction, say 8,
we obtain from (2.264) that
ω8r = −
1
2
crpqω
p
q . (2.266)
The rest of (2.264), namely
ωpq =
1
2
cpqrsω
r
s − cpqrωr8
are automatically satisfied if eq.(2.266) holds.
There exists a Bryant-Salamon extension of a quaternionic Kahler space to one with Spin(7)
holonomy. It is possible to construct such spaces in a way similar to the presented for the Swann
spaces (2.184). This is because it should be imposed dΦˆ = 0 for (2.257), which is the analog of
the Swann 4-form (2.176) for the Spin(7) case. We start with the anzatz (2.174) for the eight
dimensional metric, namely
gs = gg + f |du+ uω−|2.
The quaternion u and the anti-self-dual ImH valued 1-form ω− are
u = u0 + u1I + u2J + u3K, u = u0 − u1I − u2J − u3K
ω− = ω
1
−I + ω
2
−J + ω
3
−K
|u|2 = xx = |u|2 = (u0)2 + (u1)2 + (u2)2 + (u3)2,
being I, J,K the unit quaternions. The functions f and g depends only on the radius |u|.
Condition dΦˆ = 0 gives a differential equation for f and g. The explicit expression of Φ is
obtained from (2.257) and is
Φˆ = 3fg[α ∧ α ∧ et ∧ e+ et ∧ e ∧ α ∧ α]
+g2et ∧ e ∧ et ∧ e+ f 2α ∧ α ∧ α ∧ α (2.267)
where α = du+ uω−. Then is straightforward by use of (2.177)-(2.180) to impose dΦ = 0 and
find the system defining f and g. The final solution is
f =
1
(2κ|u|2 + c)2/5 ,
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g = (2κ|u|2 + c)3/5.
with the corresponding metric
gs = (2κ|u|2 + c)3/5g + 1
(2κ|u|2 + c)2/5 |α|
2. (2.268)
Spaces defined by (2.268) are the Bryant-Salamon Spin(7) ones.
Metrics (2.268) are non compact (because |u| is not bounded), and asymptotically conical.
Introducing spherical coordinates for u gives
u1 = |u| cos(θ),
u2 = |u| sin(θ) sin(ϕ),
u3 = |u| sin(θ) cos(ϕ) sin(φ),
u4 = |u| sin(θ) cos(ϕ) cos(φ),
and defining the radial variable
r2 =
9
20
(2κ|u|2 + c)3/5
we obtain the spherical form of the metric
g =
dr2
κ(1− c/r10/3) +
9
100 κ
r2
(
1− c
r10/3
) (
σi − ωi−
)2
+
9
20
r2 gq (2.269)
being σi the left-invariant one-forms on SU(2)
σ1 = cos(ϕ)dθ + sin(ϕ) sin(θ)dφ
σ2 = − sin(ϕ)dθ + cos(ϕ) sin(θ)dφ
σ3 = dϕ+ cos(θ)dφ.
If we consider the limit r >> c we find the behavior
g ≈ dr2 + r2Ω, (2.270)
with Ω a seven dimensional metric independent of the coordinate r, namely
Ω =
(
σi − ωi−
)2
+ gq (2.271)
We also see that the subfamilies of (2.269) with c = 0 are exactly conical and their angular
part is (2.271). Such subfamilies are known as cohomogeneity one metrics.
There is a correspondence between cohomogeneity one Spin(7) spaces and weak G2 holon-
omy ones, and in particular we can prove that the cone (2.271) is of weak G2 type. From (2.270)
it is obtained the seven-bein e˜a and the connection ω˜ab of an eight dimensional cohomogeneity
one space, namely
e˜8 = dr , e˜a = −λ
4
rea. (2.272)
being ea the einbein of the angular part. The first Cartan structure
de˜a + ω˜ab ∧ e˜b = 0
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implies that
ωab = ω˜ab , ω˜8a =
λ
4
ea. (2.273)
From the einbeins (2.272) and (2.257) we obtain
Φ˜ =
(
λr
4
)3
dr ∧ Φ +
(
λr
4
)4
∗ Φ ,
dΦ˜ = −
(
λr
4
)3
dr ∧ (dΦ− λ ∗ Φ) +
(
λr
4
)4
d ∗ Φ , (2.274)
where Φ and ∗Φ are the usual seven-dimensional 3- and 4-form constructed from the ea. We
see from (2.274) that Spin(7) holonomy condition, namely dΦ˜ = 0 is equivalent to weak G2
holonomy of the seven-dimensional base space, that is, to the condition
dΦ− λ ∗ Φ = 0, d ∗ Φ = 0.
and the converse is also true. Moreover equations (2.272) are exactly equivalent to
ω˜ab =
1
2
ψabcdω˜
cd.
which is the Spin(7) self-duality condition (2.264). Then we conclude that there is a one to
one correspondence between co-homogeneity one Spin(7) and weak G2 metrics [39].
2.7 G2 holonomy spaces and M-theory compactifications
In this subsection we show that G2 and weak G2 holonomy manifolds are internal spaces
of M-theory that preserve at least one supersymmetry after Kaluza-Klein reduction to four
dimensions. The bosonic lagrangian of the Sugra theory in D = 11, that is the low energy
effective action of the M-theory is
Lbos = 1
2κ2
[eR− e
48
FMNPQF
MNPQ − 1
3!4!4!
ǫm1...m11Fm1...m4Fm5...m8Am9m10m11 ] (2.275)
being FMNPQ = 24 ∂[MANPQ] and R = R
AB
MNe
M
A ∧ eNB . We are interested in the bosonic part of
the theory because we want to compactify it to obtain a four dimensional theory with maximal
space-time symmetry [26]. This means that the vacuum should be invariant under SO(1, 4)
or SO(2, 3) as the cosmological constant is positive, negative or zero, corresponding to the de
Sitter, Minkowski or anti de Sitter spaces. The first requirement of maximal symmetry is that
the vacuum expectation value of the Rarita-Schwinger fermion should vanish, therefore we set
< ΨM >= 0.
The equations of motion in this case reduce to
RMN − 1
2
gMNR =
1
3
[FMNPQF
PQR
N −
1
8
gMNFPQRSF
PQRS] (2.276)
∇mFMNPQ = − 1
576
ǫm1..m8MNPQFm1...m4Fm5...m8 (2.277)
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Following the Kaluza-Klein procedure we consider the product space M4 ×M7 with the eleven
dimensional einbein
eam(X
n) =
(
emµ (x
ν) 0
0 eai (x
j)
)
, (2.278)
the greek coordinates will correspond to M4 and the latin to M7. This means that the metric
is factorized as
gαβ = gαβ(x
µ), gab = gab(x
m), ; gaα = 0 (2.279)
Fαβγδ = Fαβγδ(x
µ) Fabcd = Fabcd(x
m) Fabcα(x
m) = Fabαβ(x
m) = Faαβγ(x
m) = 0 (2.280)
The xα independence of Fabcd and the x
a independence of Fαβγδ are a consequence of the Bianchi
identity
∂[MFNPQR] = 0, (2.281)
together with (2.280). Let us introduce the following anzatz
Fµνρσ = A det(e
m
µ )ǫµνρσ, Fijkl = Be
a
i e
b
je
c
ke
d
l c
abcd, (2.282)
into the equations (2.276), with A and B constants. If we set B = 0 then we obtain the well
known Freund Rubin anzatz [178], but we will not assume this for the moment. The Einstein
equations are
Rµν = −1
3
(A2 +
7
2
B2)gµν Rij =
1
6
(A2 + 5B2)gij (2.283)
and we see that for any non trivial selection of A and B, i.e., non trivial backgrounds FMNPQ
the four dimensional part is Einstein with negative curvature. The equations of motion for
FMNPQ reduces to
B(dΦ−A ∗ Φ) = 0, (2.284)
where Φ is the three-form
Φ =
1
3!4!
emµ det(e
a
i )ǫijklmnpF
lmnp dxi ∧ dxj ∧ dxk = eai ebjeckcabc dxi ∧ dxj ∧ dxk. (2.285)
Now we turn our attention to the criterion for unbroken supersymmetry in the effective D = 4
theory. If the vacuum is supersymmetric, then condition < Ψm >= 0 should be invariant under
supersymmetry transformations, that is
δψM = DMǫ− 1
288
FPQRS
(
ΓPQRSM − 8ΓQRSδPM
)
ǫ = 0 , (2.286)
In particular, invariance (2.286) impose restrictions over the internal manifold. Taking into
account the O(3, 1)×O(7) decomposition of the gravitino and the gamma matrices given by
ψM −→ ψµ ⊗ ψˆα, ψ ⊗ ψˆi,α
ΓM −→ γµ ⊗ I, γ5 ⊗ γi,
we obtain that
δ(ψµ ⊗ ψˆα) = Dµ(ǫ⊗ ǫˆα) + 1
12
B˜(γµǫ)⊗ (δαβ − 8δα8δβ8)ǫˆβ − i
6
A(γµγ5ǫ)⊗ ǫˆα
= Dˇµ(ǫ⊗ ǫˆα) (2.287)
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δ(ψ ⊗ ψˆi,α) = Di(ǫ⊗ ǫˆα) + 1
12
(A− iB˜γ5)ǫ⊗ (iγiǫˆ)α + i
3
B˜(γ5ǫ)⊗ (eiαǫˆ8 + 3δα8eiβ ǫˆβ)
= Dˇi(ǫ⊗ ǫˆα) . (2.288)
Therefore in order to preserve a supersymmetry (2.287) and (2.288) should be zero. The
compatibility conditions for this is given by
0 = [Dˇµ, Dˇν ] ǫ⊗ ǫˆα (2.289)
Taking into account that [Dµ, Dν ]ǫ = R
mn
µν γmnǫ we obtain from (2.289) that
Rµν (ǫ⊗ ǫˆα) = −1
3
gµν
[
A2 (ǫ⊗ ǫˆα) + 1
4
B˜2 (ǫ⊗ ǫˆα + 48δα8 ǫ⊗ ǫˆ8)
]
. (2.290)
Equation (2.290) is compatible with the Einstein equations (2.283) only if B = 0 and then it
follows that
δ(ψµ ⊗ ψˆα) = Dµ(ǫ⊗ ǫˆα)− 1
4
√
|R|
3
(iγµγ5ǫ⊗ ǫˆα),
being R = Rµνg
µν . Taking B = 0 we get R = 5A2/7 and that ǫ is a conformal Killing spinor,
that is
Diǫˆ = −1
2
√
R
42
(iγiǫˆ) = − 1
12
A(iγiǫˆ). (2.291)
The variation (2.291) cancels (2.288) as should be and the internal space is of weak G2 holonomy.
From (2.251) and (2.256) we get that
dΦ = −2
3
A ∗ Φ. (2.292)
This mean that B 6= 0 is incompatible with the requirement of supersymmetry. In other words,
any non zero background field Fabcd broke susy. In absence of fluxes, i.e, A = 0 we have the
product of Minkowski in four dimensions by a G2 holonomy one, in other case we have the
product of the AdS4 by a weak G2 holonomy space.
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3. Heterotic geometry without isometries
We present some properties of hyperkahler torsion (or heterotic) geometry in four dimensions
that makes it even more tractable than its hyperkahler counterpart. We show that in d = 4
hypercomplex structures and weak torsion hyperkahler geometries are the same. We present
two equivalent formalisms describing such spaces, they are stated in the propositions of section
1. The first is reduced to solve a non linear system for a doblet of potential functions, which was
found first Plebanski and Finley. The second is equivalent to find the solutions of a quadratic
Ashtekar-Jacobson-Smolin like system, but without a volume preserving condition. Is in this
second sense that heterotic spaces are simpler than usual hyperkahler ones. We also analyze
strong the strong version of this geometry. Certain examples are presented, some of them
are of the Callan-Harvey-Strominger type and others are not. We discuss the benefits and
disadvantages of both formulations in detail.
3.1 Introduction
Supersymmetric σ models in two dimensions with N = 2 supersymmetry occur on Kahler
manifolds while N = 4 occurs on hyperkahler spaces [44]. More general supersymmetric σ
models can be constructed by including Wess-Zumino-Witten type couplings in the action [95]-
[48]. These couplings can be interpreted as torsion potentials and the relevant geometry is a
generalization of the Kahler and hyperkahler ones with closed torsion. Such spaces are known
as strong Kahler and hyperkahler torsion (HKT) geometries. The first examples of N=(4,4)
SUSY sigma model with torsion (and the corresponding HKT geometry) were found in [180]
and developed further in [181]-[183] by using of the harmonic superspace formalism.
Hyperkahler torsion geometry is also an useful mathematical tool in order to construct
heterotic string models [49]-[50]. In particular heterotic (4, 0) supersymmetric models are those
that lead to strong hyperkahler torsion geometry [51]-[53]. If the torsion is not closed we have
a weak hyperkahler geometry and this case has also physical significance [55]-[57].
A direct way of classifying the possible HKT spaces is to find the most general weak hy-
perkahler spaces and after that to impose the strong condition, i.e, the closure of the torsion.
Callan, Harvey and Strominger noticed that under a conformal transformation any usual hy-
perkahler geometry is mapped into one with torsion [55]; such examples are sometimes called
minimal in the literature [68] and they are not the most general [136]. As there is a particular
interest in constructing spaces with at least one tri-holomorphic Killing vector due to applica-
tions related to dualities [58], there were found heterotic extensions of the known hyperkahler
spaces and, in particular, the Eguchi-Hanson and Taub-Nut ones. The heterotic Eguchi Han-
son geometry was shown to be conformal to the usual one, while heterotic Taub-Nut is a new
geometry [136].
One of the main properties of hyperkahler torsion spaces is the integrability of the complex
structures, that is, the annulation of their Nijenhuis tensor. In four dimensions this implies
that the Weyl tensor of such manifolds is self-dual [59]-[61]. The converse of this statement is
not true in general. On the other hand there exist a one to one correspondence between four
dimensional self-dual structures with at least one isometry and 3-dimensional Einstein-Weyl
structures [157]. The Einstein-Weyl condition is a generalization of the Einstein one to include
conformal transformations, and weak hyperkahler spaces should correspond with certain special
Einstein-Weyl metrics. In [67]-[68] it was shown that the self-dual spaces corresponding to the
round three sphere and the Berger sphere (which are Einstein-Weyl) are of heterotic type.
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Arguments related to the harmonic superspace formalism suggest that indeed there are more
examples [69]-[70].
The present work is related to the construction of weak heterotic geometries in d = 4 with-
out Killing vectors. This problem is of interest also because any weak space with isometries
should arise as subcases of those presented here. For the sake of clarity we resume the result
presented in this letter in the following two equivalent propositions.
Proposition 10 Consider a metric g defined on a manifold M together with three complex
structures J i satisfying the algebra J i ·J j = −δij+ǫijkJk and for which the metric is quaternion
hermitian, i.e, g(X, Y ) = g(J iX, J iY ). Define the conformal family of metrics [g] consisting of
all the metrics g′ related to g by an arbitrary conformal transformation.
a) Then we have the equivalence
dJ
i
+ α ∧ J i = 0 ⇐⇒ N i(X, Y ) = 0, (3.293)
where J
i
and N i(X, Y ) are the Kahler form and the Niejenhuis tensor associated to J i, d is the
usual exterior derivative and α is a 1-form. If any of (3.293) hold for g, then (3.293) is also
satisfied for any g′ of the conformal structure [g], i.e, (3.293) is conformally invariant.
b) Any four dimensional weak hyperkahler torsion metric is equivalent to one satisfying
(3.293) and there exists a local coordinate system (x, y, p, q) for which the metric take the form
g = (dx− Φxdp+ Φxdq)⊗ dp+ (dy +Ψydp−Ψxdq)⊗ dq, (3.294)
up to a conformal transformation g → ω2g. The potentials Ψ and Φ satisfy the non-linear
system
[Φy∂x∂x +Ψx∂y∂y − (Φx +Ψy)∂x∂y + ∂x∂p + ∂y∂q]
(
Φ
Ψ
)
= 0. (3.295)
c) Conversely any metric (3.294) defines a conformal family [g] in which all the elements
g′ are weak hyperkahler torsion metrics. The torsion T corresponding to (3.294) is given by
T = −Ξxdq ∧ (dy ∧ dx+ Φydp ∧ dx−Ψydy ∧ dp)
+Ξydp ∧ (dy ∧ dx+ Φxdy ∧ dq −Ψxdq ∧ dx), (3.296)
where Ξ = Φx − Ψy. Under the conformal transformation g → ω2g the torsion is transformed
as T → T + ∗g2d log(ω)4.
Proposition 10 should not be considered as a generalization of the Kahler formalism for
weak HKT spaces. Although (Φ,Ψ) is a doublet potential, the metric (3.294) is not written in
complex coordinates. The use of holomorphic coordinates for such spaces is described in detail
in [136]. The following is an Ashtekar-Jacobson-Smolin like formulation for the same geometry.
4The action of the Hodge star ∗g is defined by
∗gea = ǫabcdeb ∧ ec ∧ ed.
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Proposition 11 Consider a representative g = δabe
a ⊗ eb of a conformal family [g] defined
on a manifold M as at the beginning of Proposition 1, ea being tetrad 1-forms for which the
metric is diagonal.
a) Then all the elements g′ of [g] will be weak hyperkahler torsion iff
[e1, e2] + [e3, e4] = −A2e1 + A1e2 −A4e3 + A3e4
[e1, e3] + [e4, e2] = −A3e1 + A4e2 + A1e3 − A2e4 (3.297)
[e1, e4] + [e2, e3] = −A4e1 − A3e2 + A2e3 + A1e4
where ea is the dual tetrad of e
a and Ai are arbitrary functions on M .
b) Conversely any solution of (3.297) defines a conformal family [g] in which all the elements
g′ are weak hyperkahler torsion metrics. The torsion T corresponding to (3.294) is given by
T = ∗g(Aa − cbab)ea (3.298)
where ccab are the structure functions defined by the Lie bracket [ea, eb] = c
c
abec. The transfor-
mation of the torsion under g → ω2g follows directly from Proposition 1.
To conclude, we should mention that the properties of hyperkahler torsion geometry in
higher dimension were considered for instance, in [84]-[90]. In particular, the quotient con-
struction for HKT was achieved in [86]. Also it was found that when a sigma model is coupled
to gravity the resulting target metric is a generalization of quaternionic Kahler geometry in-
cluding torsion [88]. This result generalizes the classical one given by Witten and Bagger [?],
who originally did not include a Wess-Zumino term to the action. A generalization of the
Swann extension for quaternion Kahler torsion spaces was achieved [85]. To the knowledge of
the authors the harmonic superspace description of quaternion Kahler geometry was already
obtained in [184], [185] but the extension to the torsion case is still an open problem.
The present part is organized as follows. In section 3.2 we define what is weak and strong
heterotic geometry. We show that the problem to finding weak examples is equivalent to solving
a conformal extension of the hyperkahler condition (namely, the first (3.293) given above)
together with the integrability condition for the complex structure. In section 3.3 we present
the consequences of (3.293) following a work of Plebanski and Finley [61]. We found out that
integrability and the conformal extension of the hyperkahler condition are equivalent in d = 4,
which is the point a) of Proposition 10. Therefore weak heterotic geometry and hypercomplex
structures are exactly the same concept. We also show that strong representatives of a given
heterotic structure are determined by a conformal factor satisfying an inhomogeneous Laplace
equation. Just in the case when the structure contains an hyperkahler metric it is possible to
eliminate the inhomogeneous part by a conformal transformation. We discuss our results in the
conclusions, together with possible applications. For completeness, we show in the appendix
how this geometry arise in the context of supersymmetric sigma models.
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3.2 Hyperkahler torsion manifolds
3.2.1 Main properties
In this section we define what is hyperkahler torsion geometry (for an explanation of its physical
meaning see Appendix). We deal with 4n-dimensional Riemannian manifolds M with metric
g = δabe
a ⊗ eb, (3.299)
being ea a tetrad basis for which the metric is diagonal, which is defined up to an SO(4n)
rotation. Consider the 4n× 4n matrices
J1 =

0 −In×n 0 0
In×n 0 0 0
0 0 0 −In×n
0 0 In×n 0
 , J2 =

0 0 −In×n 0
0 0 0 In×n
In×n 0 0 0
0 −In×n 0 0

J3 = J1J2 =

0 0 0 −In×n
0 0 −In×n 0
0 In×n 0 0
In×n 0 0 0
 . (3.300)
It is direct to check that (3.300) satisfy the quaternion algebra
J i · J j = −δij + ǫijkJk. (3.301)
In particular from (3.301) it is seen that J i · J i = −I, a property that resemble the imaginary
condition i2 = −1. Associated to (3.300) we define the (1, 1) tensors
J i = (J i)baeb ⊗ ea (3.302)
which are known as almost complex structures. Here ea the dual of the 1-form e
a. Let us
introduce the triplet J
i
of (0, 2) tensors by
J
i
(X, Y ) = g(X, J iY ). (3.303)
It is direct to check that the metric (3.299) is quaternion hermitian with respect to any of the
complex structures (3.302), that is
g(J iX, Y ) = −g(X, J iY ) (3.304)
for any X,Y in TxM (in this notation J
iX denotes the contraction of J i with X). By virtue of
(3.304) the tensors (3.303) are skew-symmetric and define locally a triplet of 2-forms which in
the vielbein basis take the form
J
i
= (J
i
)abe
a ∧ eb. (3.305)
The 2-forms (3.305) are known as the hyperkahler triplet.
Definition
Heterotic geometry (or torsion hyperkahler geometry) is defined by the following require-
ments.
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(1) Hypercomplex condition. The almost complex structures (3.310) should be integrable.
This is equivalent to say the Niejenhuis tensor
N i(X, Y ) = [X, Y ] + J i[X, J iY ] + J i[J iX, Y ]− [J iX, J iY ] (3.306)
associated to the complex structure J i is zero for every pair of vector fields X and Y in TMx.
(2) Existence of a torsion. There exists a torsion tensor T µνα defined in terms of the metric
for which the Tµνα = gµξT
ξ
να is fully skew-symmetric and define a three form (we write it in the
tetrad basis)
T =
1
3!
Tµνλdx
µ ∧ dxν ∧ dxλ. (3.307)
Here greek indices denote the quantities related to a coordinate basis xµ5. If (3.307) is closed,
i.e, dT = 0, the geometry will be called strong, in other case weak.
(3) Covariant constancy of J i. Let us define a derivative Dµ with the connection
Υρµν = Γ
ρ
µν −
1
2
T ρµν , (3.308)
being Γρµν the Christofell symbols associated to the usual Levi-Civita connection. By definition
the structures (J i)ba of an hyperkahler torsion space satisfy
Dµ(J
i)ρν = 0 (3.309)
that is, they are covariantly constant with respect to Dµ.
We are concerned through this work with d = 4. In this case the explicit form of the (1, 1)
tensors (3.302) is obtained by putting n = 1 into (3.300), the result is
J1 = −e1 ⊗ e2 + e2 ⊗ e1 − e3 ⊗ e4 + e4 ⊗ e3
J2 = −e1 ⊗ e3 + e3 ⊗ e1 − e4 ⊗ e2 + e2 ⊗ e4 (3.310)
J3 = −e1 ⊗ e4 + e4 ⊗ e1 − e2 ⊗ e3 + e3 ⊗ e2,
and the corresponding hyperkahler triplet (3.305) is
J
1
= e2 ∧ e1 + e4 ∧ e3
J
2
= e3 ∧ e1 + e2 ∧ e4 (3.311)
J
3
= e4 ∧ e1 + e3 ∧ e2,
Matrices (3.300) with n = 1 are a non unique 4× 4 representation the algebra (3.301). In fact
due to the SO(4) freedom to select ea it follows that (3.310) are defined up to an SO(4) rotation.
The multiplication rule (3.301) is unchanged under such rotation. It can also be checked from
5In the vienbein basis relation (3.307) will be
T =
1
3!
Tabce
a ∧ eb ∧ ec.
67
(3.304) that the metric g(X, Y ) is quaternion hermitian with respect to any SO(4) rotated
complex structures.
As we have seen condition N i(X, Y ) = 0 for every J i in (3.310) is equivalent to solve the
quadratic system (3.297) which is invariant under a transformation
ea → ωea (g → ω2g), Aa → Aa + ea logω.
This mean that weak hyperkahler spaces are some special kind of hypercomplex structures. In
the limit Ai = 0 (3.297) reduce to a system equivalent to the Ashtekar-Jacobson-Smolin one
[153] for hyperkahler spaces. Nevertheless one can not conclude that (3.297) always describe
spaces which are conformally equivalent to hyperkahler ones, even in the case Aa = 0.
6 In
the special cases in which the resulting family is conformal hyperkahler we will call it of the
Callan-Harvey-Strominger type [55].
It is important to recall that although the complex structures are defined up to certain
SO(4) automorphisms of (3.301), this does not affect the integrability condition N i(X, Y ) = 0.
A SO(4) rotation of the complex structures can be compensated by an SO(4) rotation of the
frame leaving (2.39) and therefore Na(ei, ej) = 0 invariant. By the results that we will present
below it will be clear that such rotations also do not affect conditions 2 and 3.
3.2.2 Relation with the Plebanski-Finley conformal structures
The requirements 1, 2 and 3 of the definition of HKT geometry are not independent because
the last two implies the first. To see this clearly let us write the expression for the Nijenhuis
tensor in a coordinate basis xµ,
Nρµν = (J
i)λµ[∂λ(J
i)ρν − ∂ν(J i)ρλ] − (µ ↔ ν) = 0. (3.312)
Then (3.312) together with (3.309) implies that
Tρµν − (J i)λ[µ(J i)σνTρ]λσ = 0. (3.313)
It is simple to check that (3.313) is satisfied for any skew-symmetric torsion. Let us consider
the tetrad basis ea for which the complex structures take the form (3.300), then (3.313) is a
direct consequence of the skew symmetry of Tµνα. Since N
i(X, Y ) is a tensor then it is zero in
any basis. Thus we have proved that the requirements 2 and 3 imply first.
We will show now that the task to find a weak HKT geometry is in fact equivalent to obtain
the solutions of
dJ
i
+ α ∧ J i = 0 (3.314)
where α is an arbitrary 1-form. To prove this we note that the relation
2Dµgνα = −gµξT ξνα − gνξT ξµα
together with the skew symmetry of Tµνα = gµξT
ξ
να yields directly that
Dµgνα = 0. (3.315)
6In order to have an hyperkahler manifold the tetrad should also preserve certain volume form. If this
condition hold the solutions are also called minimal.
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Equation (3.315) implies the equivalence
Dµ(J
i)να = 0 ⇐⇒ Dµ(J i)να = 0, (3.316)
and therefore for an hyperkahler torsion space
Dµ(J
i
)να = 0.
From the identity [170]
Dµ(J
i
)να = D[µ(J
i
)να] − 3D[µ(J i)ξρ](J i)ξν(J i)ρα + (J i)µξ(N i)ξνα,
is easily seen that
Dµ(J
i
)να = 0 ⇐⇒ D[µ(J i)να] = 0, N i(X, Y ) = 0. (3.317)
where the brackets denote the totally antisymmetric combination of indices. But we have seen
that N i(X, Y ) = 0 is satisfied by our hypotesis. An explicit calculation using (3.309),(3.308)
and the skew-symmetry of Tµνα shows that
D[µ(J
i
)να] = 0 ⇐⇒ dJ i + 1
2
Tdbc(J
i)dae
a ∧ eb ∧ ec = 0. (3.318)
The second (3.318) is the generalization of the hyperkahler condition for torsion manifolds. If
the torsion Tµνα is zero, then the second (3.318) implies that the hyperkahler triplet is closed,
which is a well known feature of hyperkahler geometry. Consider now the explicit form of
(3.318) for J
1
. Then (3.309) and the first (3.300) gives us that
dJ
1
+ T234e
1 ∧ e3 ∧ e4 − T134e2 ∧ e3 ∧ e4 + T312e4 ∧ e1 ∧ e2 − T412e3 ∧ e1 ∧ e2
= dJ
1
+ (T234e
1 + T134e
2 − T123e4 + T124e3) ∧ (e1 ∧ e2 + e3 ∧ e4) = 0
and therefore
dJ
1
+ (∗gT ) ∧ J1 = 0.
The same is obtained for J
2
and J
3
, namely
dJ
i
+ (∗gT ) ∧ J i = 0. (3.319)
Let us define now the 1-form α given by
α = ∗gT ⇐⇒ ∗gα = T. (3.320)
Then we have from (3.319) that (3.318) is equivalent to
dJ
i
+ α ∧ J i = 0. (3.321)
Therefore formulas (3.316)-(3.318) implies that hyperkahler torsion geometry is completely
characterized by (3.314) which is what we wanted to show.
Condition (3.321) is the conformally invariant extension of the hyperkahler one and has
been studied by Plebanski and Finley in the seventies [61]. A detailed calculation shows that
(3.321) is invariant under
ea → ωea (g → ω2g) α −→ α + 2d logω, (3.322)
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in consequence it defines a conformal family [g]. The transformation law (3.322) implies in
particular that if α is a gradient there exist a representative of [g] for which
α = 0 ⇐⇒ dJ i = 0.
Clearly such families will be conformal to an hyperkahler space and is of the Callan-Harvey-
Strominger type. The main result of Plebanski and Finley is that in general (3.321) implies
that the Weyl tensor of [g] is self-dual [61]. From (3.320) we deduce that under g → ω2g it
follows that
T −→ T + ∗g2d log(ω), (3.323)
which is a transformation found by Callan et all in [55].
Some more comments are in order. As we have seen the requirements 2 and 3 imply that
N i(X, Y ) = 0 and also imply (3.321). Therefore we have
N i(X, Y ) = 0 ⇐= dJ i + α ∧ J i = 0. (3.324)
But is also known that [59]-[60]
N i(X, Y ) = 0 =⇒ dJ i + α ∧ J i = 0. (3.325)
To see (3.325) consider the connection ω given by the first structure equation
dea + ωab ∧ eb = 0.
It is well known that the antisymmetric part ωa[bc] is related to the structure functions defined
by the Lie bracket [ea, eb] = c
c
abec by
ωa[bc] =
1
2
cabc .
Consider now the form
α = A− χ
where
A = Aae
a, χ = cbabe
a. (3.326)
and the self-dual form J
1
= e1 ∧ e2 + e3 ∧ e4. Then by use of (3.297) one obtain that
dJ
1
= d(e1 ∧ e2 + e3 ∧ e4)
= −1
2
c
[1
abe
2] ∧ ea ∧ eb − 1
2
c
[3
abe
4] ∧ ea ∧ eb
= e1 ∧ e2 ∧ (caabeb + A3e3 + A4e4) + e3 ∧ e4 ∧ (caabeb + A1e1 + A2e2)
= (e1 ∧ e2 + e3 ∧ e4) ∧ (A− χ)
and therefore
dJ
1
+ J
1 ∧ (χ−A) = 0.
This is equivalent to (3.335) with α = χ−A. The same formula holds for J2 and J3. Then we
conclude that
N i(X, Y ) = 0 ⇐⇒ dJ i + α ∧ J i = 0, (3.327)
that is, hypercomplex structures are the same as the conformal structures defined by (3.321).
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3.3 The general solution
We have seen in the previous section that to find an hyperkahler torsion geometry is equivalent
to find a metric which solve the conditions stated in (3.314). This task was solved by Plebanski
and Finley and is stated in the following proposition [61].
Proposition 12 For any four dimensional metric g for which
dJ
i
+ α ∧ J i = 0
hold there exist a local coordinate system (x, y, p, q) for which g take the form
g = (dx− Φxdp+ Φxdq)⊗ dp+ (dy +Ψydp−Ψxdq)⊗ dq, (3.328)
up to a conformal transformation g → ω2g. The functions Ψ and Φ depends (x, y, p, q) and
satisfy the non-linear system
[Φy∂x∂x +Ψx∂y∂y − (Φx +Ψy)∂x∂y + ∂x∂p + ∂y∂q]
(
Φ
Ψ
)
= 0. (3.329)
The converse of this assertion is also true.
For completeness we intend to give the proof with certain detail, following the original
reference [61]. It is convenient to introduce the Penrose notation and write the metric g in the
following complex form
g = δabe
a ⊗ eb = E1 ⊗ E2 + E3 ⊗E4. (3.330)
We have defined the new complex tetrad
E1 =
1√
2
(e1 + ie2), E2 =
1√
2
(e1 − ie2)
E3 =
1√
2
(e3 + ie4), E4 =
1√
2
(e3 − ie4). (3.331)
In term of this basis the complex structures (3.311) are expressed as
J
1
= 2E4 ∧ E1, J3 = 2E3 ∧ E2
J
2
= −E1 ∧ E2 + E3 ∧ E4. (3.332)
The advantage of this notation is that allow us to directly apply the Frobenius theorem.
Frobenius theorem In n-dimensions, if in a certain domain U there exist r 1-forms βi
(i = 1, .., r) such that
Ω = β1 ∧ ... ∧ βr 6= 0
and there exist a 1-form γ such that
dΩ = γ ∧ Ω, (3.333)
then there exists some functions f ij and g
j on U such that
βi =
r∑
j=1
f ijdg
j. (3.334)
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The two conditions
dJ
1
+ α ∧ J1 = 0, dJ3 + α ∧ J3 = 0 (3.335)
of (3.321) are of the form (3.333) with Ei are playing the role of the 1-forms βi, J
1
and J
3
are the analog of Ω and α play the role of γ. Then Frobenius theorem implies the existence of
scalar functions A˜, ..., H˜ and p, .., s such that
E1 = A˜dp+ B˜dq,
E2 = E˜dr + F˜ ds,
E3 = −G˜dr − H˜ds (3.336)
E4 = −C˜dp− D˜dq.
The functions A˜, ..., H˜ and p, .., s are the analog of f ij and g
j in (3.334) respectively.
Consider the two functions φ and f defined by
A˜D˜ − B˜C˜ = (φ−1ef )2,
E˜H˜ − F˜ G˜ = (φ−1e−f )2. (3.337)
It is more natural to use the variables
(A,B,C,D) = (φ−1ef )−1(A˜, B˜, C˜, D˜)
(E, F,G,H) = (φ−1e−f)−1(E˜, F˜ , G˜, H˜)
with the functions A, ..., H normalized as
AD − BC = 1, EH −GF = 1. (3.338)
Using (3.337) we can express (3.336) as
E1 = φ−1ef (Adp+Bdq),
E2 = φ−1e−f (Edr + Fds),
E3 = −φ−1e−f(Gdr +Hds), (3.339)
E4 = −φ−1ef (Cdp+Ddq),
Since
E1 ∧ E2 ∧ E3 ∧ E4 = φ−4dp ∧ dq ∧ dr ∧ ds 6= 0
one can consider the functions p, q, r and s as independent coordinates.
From (3.339), (3.332) and (3.335) it is obtained the following expression for α
α = d log(φ) + fpdp+ fqdq − frdr − fsds. (3.340)
We now consider the resting condition (3.321), namely
dJ
2
+ α ∧ J2 = 0. (3.341)
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By use of (3.332) together with (3.339) we find that
J
2
= φ−4[(AE + CG)dp ∧ dr + (AF + CH)dp ∧ ds+ (BE +DG)dq ∧ dr
+(BF +DH)dq ∧ ds]. (3.342)
A direct calculation shows that (3.341) together with (3.340) implies
(AE + CG)2fs − (AF + CH)2fr = (AE + CG)s − (AF + CH)r,
(BE +DG)2fs − (BF +DH)2fr = (BE +DG)s − (BF +DH)r,
(AE + CG)2fq − (BE +DG)2fp = −(AE + CG)q + (BE +DG)p, (3.343)
(AF + CH)2fq − (BF +DH)2fp = −(AF + CH)q + (BF +DH)p.
The first two (3.343) shows that there exist certain functions x and y such that
AE + CG = e2fxr,
BE +DG = e2fyr,
AF + CH = e2fxs, (3.344)
BF +DH = e2fys.
By multiplying the last two (3.343) by e2f and using (3.344) we also obtain that
(e4fxr)q = (e
4fyr)p, (e
4fxs)q = (e
4fys)p. (3.345)
The solution of (3.344) and (3.345) are
G = A(e2fyr)− B(e2fxr)
H = A(e2fys)−B(e2fxs)
E = D(e2fxr)− C(e2fyr) (3.346)
F = D(e2fxs)− C(e2fys)
The normalization (3.338) and (3.346) implies that
J =
∣∣∣∣∣ xr xsyr ys
∣∣∣∣∣ = e−4f 6= 0,
and therefore x and y can be used as independent coordinates instead of r and s. Moreover, the
functions A, .., D are not determined by the equations but just constrained by the first (3.338).
This reflects that the tetrad and the vielbein are defined up to an SO(4). This rotations leaves
condition AD−BC = 1 invariant. Therefore without lost of generality we can select A = D = 1
and B = C = 0. The resulting tetrad is now
E1 = (φe−f)−1dp,
E2 = (φe−f)−1(dx+Kdp+ Ldq),
E3 = −(φe−f)−1(dy +Mdp+Ndq), (3.347)
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E4 = −(φe−f )−1dq,
being K = −xp, L = −xq, M = −yp and N = −yq. The dual basis of (3.347) is
E2 = φe
−f∂x
E1 = φe
−f(∂p −K∂x −M∂y),
E4 = −φe−f (∂q − L∂x −N∂y), (3.348)
E3 = −φe−f∂y.
Because we are working with a conformal structure is easy to check that we can make eliminate
φe−f in (3.348) by a conformal transformation. From (3.335) it is calculated that
2α = (L−M)xdq − (L−M)ydp. (3.349)
Also from (3.341) and (3.349) it follows that
∂xK + ∂yL = 0, ∂xM + ∂yN = 0,
(∂p −K∂x −M∂y)L− (∂q − L∂x −N∂y)K = 0, (3.350)
(∂p −K∂x −M∂y)N − (∂q − L∂x −N∂y)M = 0
The first two (3.350) implies the existence of two functions Φ and Ψ such that
K = −Φx, L = Φx, M = Ψy, N = −Ψx, (3.351)
and the first two (3.350) together with (3.351) gives the following non-linear equations for the
doublet (Φ,Ψ)
[Φy∂x∂x +Ψx∂y∂y − (Φx +Ψy)∂x∂y + ∂x∂p + ∂y∂q]
(
Φ
Ψ
)
= 0. (3.352)
Then we conclude that the most general structure satisfying (3.321) is given in terms of two key
functions Φ and Ψ satisfying (3.352). A simple calculation shows that the metric corresponding
to (3.348) is (3.328) which is what we wanted to prove (Q.E.D).
It will be instructive we will show that for any structure of the proposition 12 it follows that
N i(X, Y ) = 0,
in accordance with (3.324). This is completely equivalent to solve the system (3.297), that is
[e1, e2] + [e3, e4] = −A2e1 + A1e2 − A4e3 + A3e4,
[e1, e3] + [e4, e2] = −A3e1 + A4e2 + A1e3 − A2e4,
[e1, e4] + [e2, e3] = −A4e1 −A3e2 + A2e3 + A1e4,
for the basis ei corresponding to (3.328). From (3.331), (3.347) and (3.351) we find that
e1 =
1√
2
[dp+ (dx− Φydp+ Φxdq)],
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e2 =
1
i
√
2
[dp− (dx− Φydp+ Φxdq)]
e3 = − 1√
2
[dq + (dy +Ψydp−Ψxdq)], (3.353)
e4 =
1
i
√
2
[dq − (dy +Ψydp−Ψxdq)].
The dual basis corresponding to (3.353) is
e1 =
1√
2
[(∂p + Φy∂x −Ψy∂y) + ∂x],
e2 = − 1
i
√
2
[(∂p + Φy∂x −Ψy∂y)− ∂x]
e3 = − 1√
2
[∂y + (∂q − Φx∂x +Ψx∂y)], (3.354)
e4 =
1
i
√
2
[∂y − (∂q − Φx∂x +Ψx∂y)].
It is simple to check that the first (3.297) for (3.354) implies that Ai = 0. After some tedious
calculation one obtain from the full system (3.297) that
[Φy∂x∂x +Ψx∂y∂y − (Φx +Ψy)∂x∂y + ∂x∂p + ∂y∂q]
(
Φ
Ψ
)
= 0,
which is exactly (3.352).
We conclude that the general form of an HKT metric is
g = (dx− Φydp+ Φxdq)⊗ dp+ (dy +Ψydp−Ψxdq)⊗ dq
up to a conformal transformation. The form α in (3.349) can be expressed as
α = ΞxE
1 − ΞyE4, (3.355)
where Ξ = Φx −Ψy. Then it is direct to prove using (3.331) that
∗E1 = −E2 ∧ E3 ∧ E4, ∗E4 = −E1 ∧ E2 ∧ E3. (3.356)
Formula (3.356) together with (3.320) and (3.355) gives explicitly the torsion, namely
T = −ΞxE2 ∧ E3 ∧ E4 + ΞyE1 ∧ E2 ∧ E3. (3.357)
All the results of this section are stated in the propositions of the introduction.
The geometries presented till now are weak heterotic. Due to conformal invariance all the
elements of the conformal family [g] corresponding to (3.328) are also weak. Therefore in order
to find an strong geometry we should not impose dT = 0 for the torsion (3.296) corresponding
to (3.328) but instead, we must solve dT˜ = 0 where T˜ = T + ∗g2d log(ω) is the torsion
corresponding to the representative g˜ = ω2g. After some calculation we obtain the following
linear equation defining ω
∆glog(ω) = ∂[1T234], (3.358)
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where ∆g is the Laplace operator for (3.328). The left side (3.358) does not depend on ω and
acts as an inhomogeneous source. Then the spaces g˜ = ω2g will be a strong representatives of
the family if ω solve (3.358). The spaces (3.328) will be strong only in the case that constant
ω is a solution of the resulting equations, which implies that
∂[1T234] = Ξxp − (ΞxΦy)y + (ΞxΨy)x + Ξyq − (ΞyΦx)x + (ΞyΨx)y = 0. (3.359)
It also follows from the result of this section that if we deal with a minimal weak structure,
then (3.358) is reduced to
∆ĝlog(ω) = 0, (3.360)
being ĝ the hyperkahler representative of the family [55].
3.4 Discussion
In the present work we attacked the problem of constructing weak and strong 4-dimensional
hyperkahler torsion geometries without isometries. We have shown that the most general local
form for a weak metric is defined by two potential functions. Weak condition is conformally
invariant and the corresponding metrics are determined up to a conformal transformation.
We argue that the present work have practical applications, although the system of equa-
tions for the potentials is highly non-linear and difficult to solve. We have seen that in four
dimensions hypercomplex structures and weak torsion hyperkahler geometries are totally equiv-
alent concepts. Concretely speaking, we have shown that integrability of the complex structures
implies and is implied by the other weak HKT properties. Therefore the problem to find weak
heterotic geometries is reduced to find the solutions of an Ashtekar-Jacobson-Smolin like system
without the volume preserving condition, which has the advantage to be quadratic.
From this discussion is clear that a weak metric will be of the Callan-Harvey-Strominger type
(i.e. conformal to an hyperkahler one) if there is a volume form preserved by the corresponding
tetrad. Nevertheless not all the hypercomplex structures preserves a 4-form and the metrics of
references [136]-[68] should be counterexamples. We have seen also that a space is of Callan-
Harvey-Strominger type if the torsion is the dual of a gradient. Therefore both conditions
should be equivalent.
The strong condition (i.e. the closure of the torsion form) is not invariant under general
conformal transformation. Nevertheless the problem to find the strong representatives of a
weak heterotic family [g] is reduced to solve a linear non homogeneous laplacian equation over
an arbitrary element g. The homogeneous part can be taken to zero if the metric is conformal
to a hyperkahler one.
At first sight it looks that the ”Ashtekar like” formulation for HKT is the most convenient
formulation. Instead we suggest that the other variant could be more useful in the context
dualities, in which the presence of isometries is needed [58]. To make this suggestion more
concrete, let us recall that self-dual spaces are described in terms of a Kahler potential satisfying
the heavenly equation [76]. Although this equation is non-linear and the general solution is
not known, the analysis of the Killing equations and the possible isometries allowed to classify
the hyperkahler metrics with one Killing vector [75]. In particular it was found that they are
divided in two types, the first described for by a monopole equation and the second by some
limit of a Toda system [72]-[75]. We propose that is worthy to generalize, if is possible, the
mathematical machinery to classify the Killing equations of gravitational instantons [75]-[81]
to the hyperkahler torsion case. Perhaps it will possible in this way to find the classification of
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heterotic geometry with one or more Killing vectors and in particular, to identify the subcases
that match for duality applications. This goal has not been achieved yet, and our suggestion
could be an alternative point of view of the references [68]-[70].
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4. D-instanton sums for matter hypermultiplets
We calculate some non-perturbative (D-instanton) quantum corrections to the moduli space
metric of several (n > 1) identical matter hypermultiplets for the type-IIA superstrings com-
pactified on a Calabi-Yau threefold, near conifold singularities. We find a non-trivial defor-
mation of the (real) 4n-dimensional hypermultiplet moduli space metric due to the infinite
number of D-instantons, under the assumption of n tri-holomorphic commuting isometries of
the metric, in the hyperkahler limit (i.e. in the absence of gravitational corrections).
4.1 Ooguri-Vafa solution
The Ooguri-Vafa (OV) solution [162] describes the D-instanton corrected moduli space metric of
a single matter hypermultiplet in type-IIA superstrings compactified on a Calabi-Yau threefold
of Hodge number dimH2,1 = 1, when both N = 2 supergravity and UH are switched off, while
five-brane instantons are suppressed. The matter hypermultiplet low-energy effective action in
that limit is given by the four-dimensional N = 2 supersymmetric non-linear sigma-model that
has the four-dimensional OV metric in its target space.
Rigid (or global) N = 2 supersymmetry of the non-linear sigma-model requires a hyper-
kahler metric in its target space [164]. The OV metric has a (toric) U(1) × U(1) isometry by
construction [162]. There always exist a linear combination of two commuting abelian isometries
that is tri-holomorphic, i.e. it commutes with N = 2 rigid supersymmetry [165].
Given any four-dimensional hyperkahler metric with a tri-holomorphic isometry ∂t, it can
always be written down in the standard (Gibbons-Hawking) form
g =
1
V
(dt+ A)2 + V (dx2 + dy2 + dz2), (4.361)
that is governed by linear equations,
∆V = ~∇2V ≡
(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)
V = 0 , almost everywhere, (4.362)
and
~∇V + ~∇× A = 0. (4.363)
The 1-form A = A1dx + A2dy + A3dz is fixed by the monopole equation (4.363) in terms of
the real scalar potential V (x, y, z). Equation (4.362) means that the function V is harmonic
(away from possible isolated singularities) in three Euclidean dimensions R3. The singularities
are associated with the positions of D-instantons.
Given extra U(1) isometry, after being rewritten in the cylindrical coordinates (ρ =
√
x2 + y2,
θ = arctan(y/x), η = z), the hyperkahler potential V (ρ, θ, η) becomes independent upon θ.
Equation (4.361) was used by Ooguri and Vafa [162] in their analysis of the matter hypermul-
tiplet moduli space near a conifold singularity. The conifold singularity arises in the limit of
the vanishing CY period, ∫
C
O→ 0 (4.364)
where the CY holomorphic (nowhere vanishing) 3-formO is integrated over a non-trivial 3-cycle
C of CY. The powerful singularity theory [172] can then be applied to study the universal be-
haviour of the hypermultiplet moduli space near the conifold limit, by resolving the singularity.
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In the context of the CY compactification of type IIA superstrings, the coordinate ρ rep-
resents the ‘size’ of the CY cycle C or, equivalently, the action of the D-instanton originating
from the Euclidean D2-brane wrapped about the cycle C. The physical interpretation of the η
coordinate is just the expectation value of another (RR-type) hypermultiplet scalar. The cycle
C can be replaced by a sphere S3 for our purposes, since the D2-branes only probe the overall
size of C.
The OV potential V is periodic in the RR-coordinate η since the D-brane charges are
quantized [159]. We normalize the corresponding period to be 1, as in reference [162]. The
Euclidean D2-branes wrappedm times around the sphere S3 couple to the RR expectation value
on S3 and thus should produce additive contributions to V , with the factor of exp(2πimη) each.
In the classical hyperkahler limit, when both N=2 supergravity and all the D-instanton con-
tributions are suppressed, the potential V (ρ, η) of a single matter hypermultiplet cannot depend
upon η since there is no perturbative superstring state with a non-vanishing RR charge. Accord-
ingly, the classical pre-potential V (ρ) can only be the Green function of the two-dimensional
Laplace operator, i.e.
Vclassical = − 1
2π
log ρ+ const. (4.365)
whose normalization is also in agreement with the appearing in [162].
The calculation given in [162] to determine the exact D-instanton contributions to the hyper-
kahler potential V is based on the idea [159] that the D-instantons should resolve the singularity
of the classical hypermultiplet moduli space metric at ρ = 0. A similar situation arises in the
standard (Seiberg-Witten) theory of a quantized N=2 vector multiplet (see reference[164] for a
review).
Equation (4.362) formally defines the electrostatic potential V of electric charges of unit
charge in the Euclidean upper half-plane (ρ, η), ρ > 0, which are distributed along the axis
ρ = 0 in each point η = n ∈ Z, while there are no two charges at the same point [162]. A
solution to (4.362) obeying all these conditions is unique,
VOV(ρ, η) =
1
4π
+∞∑
n=−∞
(
1√
ρ2 + (η − n)2
− 1|n|) + const. (4.366)
After Poisson summation (4.366) takes the desired form of singularity resolution [162]
VOV(ρ, η) =
1
4π
log(
µ2
ρ2
) +
∑
m6=0
1
2π
e2piimηK0(2π|m|ρ), (4.367)
where the modified Bessel function K0 of the 3rd kind has been introduced,
Ks(z) =
1
2
∫ +∞
0
dt
ts−1
exp[− z
2
(t+
1
t
)] (4.368)
valid for all Re z > 0 and Re s > 0, while µ is a constant (modulus).
Inserting the standard asymptotical expansion of the Bessel function K0 near ρ = ∞ into
(4.367) yields [162]
VOV(ρ, η) =
1
4π
log(
µ2
ρ2
) +
∞∑
m=1
exp(−2πmρ) cos(2πmη)
×
∞∑
n=0
Γ(n+ 1
2
)√
πn!Γ(−n + 1
2
)
(
1
4πmρ
)n+
1
2 (4.369)
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The string coupling constant g can be easily reintroduced into (4.369) by a substitution
ρ → ρ/g. The factors of exp (−2πmρ/g) in (4.369) are the contributions due to the multiple
D-instantons [162].
The OV potential (4.366) is given by a (regularized) T-sum over the T-duality transforma-
tions, η → η + 1, being applied to the fundamental solution V0 ≡ 14pir ≡ 14pi√ρ2+η2 of (4.362),
VOV(ρ, η) = A+
∑
T
V0(ρ, η) = A+
∑
T
1
4π
√
ρ2 + η2
(4.370)
where A is a constant. The fundamental solution V0(ρ, η) is just the Green function of the
three-dimensional Laplace operator ∆ in (4.362).
4.2 Pedersen-Poon Ansatz
The natural generalization of the Gibbons-Hawking Ansatz (4.361) to higher-dimensional toric
hyperkahler spaces are the Pedersen-Poon (PP) metrics (2.160). Namely, given n commuting
tri-holomorphic isometries of a (real) 4n-dimensional hyperkahler space, there exists a coordi-
nate system (xia, ti), with i, j = 1, 2, . . . , n and a, b, c = 1, 2, 3, where the hyperkahler metric
takes the form [146]
g = Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj) (4.371)
Here the dot means summation over the a-type indices, all metric components are supposed to
be independent upon all ti (thus reflecting the existence of n isometries), U
ij = (Uij)
−1, while
Ui = (Ui1, . . . , Uin) and Ai are to be solutions to the generalized monopole (or BPS) equations
Fxiµxjν = ǫµνλ∇xiλUj,
∇xi
λ
Uj = ∇xj
λ
Ui, (4.372)
Ui = (Ui1, .., Uin),
where the field strength F of the gauge fields A has been introduced. The PP metric (11) can
be completely specified by its real PP-potential P (x, w, w¯) that generically depends upon 3n
variables,
xj = xj3 , w
j =
xj1 + ix
j
2
2
, w¯j =
xj1 − ixj2
2
, (4.373)
because the BPS equations (4.372) allow a solution [23]
Uij = Pxixj and Aj = i
(
Pwkxjdw
k − Pw¯kxjdw¯k
)
, (4.374)
provided P itself obeys (almost everywhere) a linear Laplace-like equation [146]
Pxixj + Pwiw¯j = 0. (4.375)
The subscripts of P denote partial differentiation with respect to the given variables.
Equation (4.375) is apparently the multi-dimensional hyperkahler generalization of (4.362).
The existence of the PP-potential F essentially amounts to integrability (or linearization) of
the BPS equations (4.372), because the master equation (4.375) is linear, whose solutions are
not difficult to find. For instance, a general solution to (4.375) can be written down as the
contour (C) integral of an arbitrary potential G(ηj(ξ), ξ) [146],
P = Re
∮
C
dx
2πiξ
G(ηj(ξ), ξ) , where ηj(ξ) = w¯j + xjξ − wjξ2. (4.376)
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4.3 D-instanton sums
Our technical assumptions are essentially the same as in reference [162], namely,
• periodicity in all xi with period 1, due to the D-brane charge quantization,
• the classical potential F near a CY conifold singularity should have a logarithmic be-
haviour (elliptic fibration), being independent upon all xi (when all wi →∞),
• the classical singularity of the metric should be removable, i.e. an exact metric should be
complete (or non-singular),
• the metric should be symmetric under the permutation group of n sets of hypermultipet
coordinates (xj , wj, w¯j), where j = 1, 2, . . . , n.
The last assumption means that we only consider identical matter hypermultiplets. Together
with our main assumption about n tri-holomorphic isometries (see e.g., our Abstract and sect.
3), it is going to lead us to an explicit solution.
We first confine ourselves to the case of two identical matter hypermultiplets (n = 2), and
then quote our result for an arbitrary n > 2. The problem amounts to finding a solution
to the master equations (4.375) subject to the conditions above. The known OV solution
VOV(w, x) ≡ VOV(x, w), defined by equation(4.366) or (4.367), can be used to introduce another
function P (x, w) as a solution to two equations
Pxx = −Pww¯ = VOV(x, w). (4.377)
We do not need an explicit solution to equation (4.377) in what follows. Since equations (4.375)
are linear, the superposition principle applies to their solutions. It is now straightforward to
verify that there exist a ‘trivial’ solution to equations (4.375), given by a PP potential
P0 = c0 [P (x1, w1) + P (x2, w2)] (4.378)
where c0 is a real constant. A particular non-trivial solution in the n = 2 case is given by
Pmixed = c+P (x1 + x2, w1 + w2) + c−P (x1 − x2, w1 − w2) (4.379)
where c± are two other real constants. Though the linear partial differential equation (4.375)
has many other solutions, we argue at the end of this section that the most general solution,
satisfying all our requirements, is actually given by
P = P0 + Pmixed. (4.380)
To this end, we continue with the particular solution (4.380). To write down our result for
the hyperkahler moduli space metric of two matter hypermultiplets, we merely need the second
derivatives of the PP potential, because of (4.374). Using equations (4.366), (4.374), (4.377),
(4.378), (4.379) and (4.380), we find
4πU11 = c+
+∞∑
n=−∞
 1√
(x1 + x2 − n)2 + (w1 + w2)(w¯1 + w¯2)/λ2
− 1
n

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+c−
+∞∑
n=−∞
 1√
(x1 − x2 − n)2 + (w1 − w2)(w¯1 − w¯2)/λ2
− 1
n

+c0
+∞∑
n=−∞
 1√
(x1 − n)2 + w1w¯1/λ2
− 1
n
 (4.381)
with a modulus parameter λ. The component U22 has the the form as that of (4.381), but
the indices 1 and 2 have to be exchanged. The remaining two components of the matrix U in
(4.371) are given by
4πU12 = 4πU21 = c+
+∞∑
n=−∞
 1√
(x1 + x2 − n)2 + (w1 + w2)(w¯1 + w¯2)/λ2
− 1
n

+c−
+∞∑
n=−∞
 1√
(x1 − x2 − n)2 + (w1 − w2)(w¯1 − w¯2)/λ2
− 1
n
 . (4.382)
The A-field components in the PP metric (4.371) are given by the second (4.374).
The physical interpretation of our solution as the infinite D-instanton sum is evident after
rewriting it as an asymptotical expansion like that of (4.369), by using(4.367) and (4.368), now
being applied to the two-hypermultiplet metric components (4.381) and (4.382). In particular,
their classical behavior is given by
U11 ∼ c+
4π
ln
λ2
|w1 + w2|2 +
c−
4π
ln
λ2
|w1 − w2|2 +
c0
4π
ln
λ2
|w1|2 (4.383)
and similarly for U22 after exchanging the indices 1 and 2, and U12 after dropping the last term
in (4.383).
As regards the case of an arbitrary n > 2, the easiest picture arises in terms of the PP
potential P — see sect. 3. We define this potential as a linear combination of P (x1+x2+ . . .+
xn, w1 +w2 + . . .+ wn), P (−x1 + x2 + . . .+ xn,−w1 + w2 + . . .+wn), . . ., P (−x1 − x2 + . . .−
xn,−w1 − w2 − . . .− wn), P (x1, w1), P (x2, w2), . . . and P (xn, wn), each one being constructed
out of the OV potential, as in (4.377). Next, we define the metric components of the matrix
Uij in (4.371) by the second derivatives of the total PP potential F , as in (4.374). The rest is
fully straightforward, cf. equations (4.381) and (4.382).
Finally, some comments about the uniqueness of our solution (4.380) are in order. First,
we notice that all functions U ij also obey (4.375) by our construction (4.374). Given any other
non-trivial solution, it should lead (after Poisson resummation) to the same classical behaviour
(4.383), while it should also reduce to the OV solution (sect. 2) for a single hypermultiplet.
According to the Poisson resummation formula,
∞∑
n=0
f(n) =
∞∑
n=0
f˜(n) , where f˜(u) =
∫ +∞
−∞
dvf(v)e2piiuv (4.384)
the logarithmic terms can only come from the n = 0 term in the sum, e.g. when using (4.366),
choosing n = v in the Fourier integral (4.384), and then taking u = 0 after the Fourier transform.
Hence, a difference between ours and any other solution to the potentials F or U ij cannot
contribute to equation (4.383). Since equation (4.383) is x-independent, we first investigated
the class of x-independent real potentials F , without any reference to the metric (4.371). By
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solving (4.375) in this case we found an unique solution subject to our symmetries, namely,
the one given by (4.383). Hence, the anticipated uniqueness of our solution boils down to the
uniqueness of the periodic (of period 1) extension of a given w-dependent solution to a solution
depending upon both w and x, and having a generic form
∑
nG(x + n, w) with some basic
function G. It seems to be quite plausible that the square root in (4.381) is the only basic
function to yield the logarithmic terms out of the n = 0 term in the D-instanton sum.
4.4 Discussion
In our final results (4.381) and (4.382) the quantum corrections to the classical (logarithmic)
terms (4.383) are exponentially suppressed by the D-instanton factors (in the semiclassical
description). Unlike the case of a single matter hypermultiplet, the multi-hypermultiplet moduli
space metric is also sensitive to the phases of wi (i.e. not only to their absolute values). There
are no perturbative (type IIA superstring) corrections, while all D-instanton numbers contribute
to the solution.
Our results can also be applied to an explicit construction of quaternionic metrics in real
4(n − 1) dimensions out of known hyperkahler metrics in real 4n dimensions, which is of
particular importance to a description of D-instantons in N=2 supergravity [22]. For instance,
the four-dimensional quaternionic manifolds with toric isometry can be fully classified [132] in
terms of the PP-potential F obeying equation (4.375).
It would be also interesting to connect our results to perturbative superstring calculations
in the D-instanton background, which is still a largely unsolved problem.
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5. Hyperkahler spaces with local triholomorphic U(1) ×
U(1) isometry and supergravity solutions
In this section some examples of toric hyperkahler metrics in eight dimensions are constructed.
The Swann construction of hyperkahler metrics is applied to the Calderbank Pedersen spaces
in order to find hyperkahler examples with U(1) × U(1) isometry. The connection with the
Pedersen-Poon toric hyperkahler metrics is explained by finding the momentum map coordinate
system. This hyperkahler examples are lifted to solutions of the D=11 supergravity with and
without fluxes. Type IIA and IIB backgrounds are found by use of dualities.
5.1 Toric hyperkahler metrics of the Swann type
The Swann metric (2.184) is in general quaternion Kahler. In the special case with b = 0
corresponds to an hyperkahler metric with explicit form
g = |u|2g + [(du0 − xiωi−)2 + (dui + u0ωi− + ǫijkukωk−)2]. (5.385)
By use of (5.385) it is direct to extend the Calderbank-Pedersen metrics (2.126) to an hyper-
kahler one. The quaternionic base is (2.126) and the corresponding ωi− are [132]
ω1− =
1
F
((
1
2
F + ρFρ)
dη
ρ
− ρFη dη
ρ
), ω2− = −
α
F
, ω3− =
β
F
. (5.386)
The resulting expression for the hyperkahler metric is
g = [(du0 − xiωi−)2 + (dui + u0ωi− + ǫijkukωk−)2] + |u|2[
F 2 − 4ρ2(F 2ρ + F 2η )
4F 2
(
dρ2 + dη2
ρ2
)
+
[(F − 2ρFρ)α− 2ρFηβ]2 + [(F + 2ρFρ)β − 2ρFηα]2
F 2[F 2 − 4ρ2(F 2ρ + F 2η )]
]. (5.387)
The Calderbank-Pedersen metrics (2.126) have two commuting Killing vectors ∂/∂θ and ∂/∂ϕ.
Clearly this are also Killing vectors of the spaces (5.387).
The Kahler triplet corresponding to (2.126) is
J
1
=
1
F 2
(F 2 − 4ρ2(F 2ρ + F 2η ))(
dρ ∧ dη
ρ2
+ α ∧ β),
J
2
=
1
F 2
(ρFηβ + (ρFρ − 1
2
F )α) ∧ dρ
ρ
, (5.388)
J
3
=
1
F 2
(ρFηα− (ρFρ + 1
2
F )β) ∧ dη
ρ
.
Then the hyperkahler triplet Ωi of (5.385) can be expressed in compact form as
Ω = uJu+ (du+ ω−u) ∧ (du+ ω−u), (5.389)
where we have defined
J = J
1
I + J
2
J + J
3
K, Ω = Ω1I + Ω2J + Ω3K
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ω− = ω
1
−I + ω
2
−J + ω
3
−K.
A direct calculation using (5.388) show us that
L ∂
∂ϕ
Ωi = 0, L ∂
∂θ
Ωi = 0. (5.390)
This mean that ∂
∂ϕ
and ∂
∂θ
are triholomorphic and therefore (5.387) is a toric hyperkahler metric
of the type of the Proposition 9, where we should idenfity t1 = θ and t2 = ϕ.
For applications to supergravity we will write the metric (5.387) in the form (2.160). There-
fore we should find the momentum maps
dxkθ = iθJ
k
, dxkφ = iφJ
k
for (5.385). The contraction of ∂/∂θ with the hyperkahler form (5.389) gives
dx1θ =
1√
ρF
(2q0dq2 + 2q2dq0 − 2q1dq3 − 2q3dq1 − ( 1
2ρ
+
Fρ
F
)dρ− Fη
F
dη),
dx2θ =
1√
ρF
(2q2dq3 + 2q3dq2 − 2q0dq1 − 2q1dq0 − ( 1
2ρ
+
Fρ
F
)dρ− Fη
F
dη),
dx3θ =
1√
ρF
(2q0dq0 + 2q1dq1 − 2q2dq2 + 2q3dq3 − ( 1
2ρ
+
Fρ
F
)dρ− Fη
F
dη).
The last expressions can be integrated to obtain
x1θ =
2(q0q2 + q1q3)√
ρF
, x2θ =
2(q2q3 − q0q1)√
ρF
, x3θ =
q20 − q21 − q22 + q23√
ρF
. (5.391)
Similarly for ∂/∂ϕ it is found
x1ϕ = ηx
1
θ +
2
√
ρ(q1q2 − q0q3)
F
, x2ϕ = ηx
2
θ +
√
ρ(q20 − q21 + q22 − q23)
F
,
x3ϕ = ηx
3
θ +
2
√
ρ(q0q1 + q2q3)
F
, (5.392)
in accordance with [132].
The next step is to determine the matrix Uij for (2.175). This is easily found by noticing
that from (2.160) it follows that
U ij = g(
∂
∂ti
,
∂
∂tj
), U ijAj = g(
∂
∂ti
, ·). (5.393)
Then introducing the expression for (5.387) into the first (5.393) gives
U ij =
|q|2
F (1
4
F 2 − ρ2(F 2ρ + F 2η ))
(
1
2
F − ρFρ −ρFη
−ρFη 12F + ρFρ
)
, (5.394)
with inverse
Uij =
F
|q|2
(
1
2
F + ρFρ ρFη
ρFη
1
2
F − ρFρ
)
. (5.395)
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To find Ai one should obtain from (5.387) and (2.126) that
g(
∂
∂θ
, ·) = 1
F
[(q2
√
ρ+q3
η√
ρ
)(2q1A˜
1−dq0)+2(q2 η√
ρ
+q3
√
ρ)(dq1+q0A˜
1)−2(q0√ρ+q1 η√
ρ
)(dq2+q3A˜
1)
+2(q0
η√
ρ
− q1√ρ)(dq3 − q2A˜1)],
g(
∂
∂ϕ
, ·) = 1
F
[
q3√
ρ
(2q1A˜
1 − dq0) + 2q2√
ρ
(dq1 + q0A˜
1)− 2q1√
ρ
(dq2 + q3A˜
1) +
2q0√
ρ
(dq3 − q2A˜1)],
where A˜1 is given in (5.386) in terms of F . Then from the second (5.393) it is obtained
A1 =
F
|q|2 [(
F
2
+ ρFρ)g(
∂
∂θ
, ·) + ρFηg( ∂
∂ϕ
, ·)], (5.396)
A2 =
F
|q|2 [ρFηg(
∂
∂θ
, ·) + (F
2
− ρFρ)g( ∂
∂ϕ
, ·)]. (5.397)
Therefore we have reduced (5.387) with this data to the form (2.160). Formulas (5.395), (5.396)
and (5.397) define a class of solutions of the Pedersen Poon equations (2.161) and an hyperkahler
metric (2.160) simply described in terms of an unknown function F satisfying (2.127). We
must recall however that this simplicity is just apparent because Uij depends explicitly on the
coordinates (ρ, η, |q|2), which depends implicitly on the momentum maps (xiϕ, xiθ) by (5.391)
and (5.392). Therefore Uij is given only as an implicit function of the momentum maps.
For physical applications it is important to find solutions which in this limit tends to
g = U∞ij dx
i · dxj + U ij∞dtidtj , (5.398)
for a constant invertible matrix U∞ij [138]. Formulas (5.391) and (5.392) shows that the asymp-
totic limit xθ → ∞ or xϕ → ∞ corresponds to q → ∞ or √ρF → 0. In consequence from
(5.395) and (5.394) it follows that U ij → ∞ and Uij → 0 asymptotically, which is not the
desired result. This problem can be evaded defining a new metric (2.160) with
U ij = Uij + U
∞
ij , (5.399)
and with the same one-forms (5.396) and (5.397) and coordinate system (5.391) and (5.392).
Clearly to add this constant do not affect the solution and this data is again a solution of the
Pedersen-Poon equation (2.161) for which U ij → U∞ij and U ij → U ij∞. Explicitly we have
U ij =
F
|q|2
 12F + ρFρ + U∞11 |q|2F ρFη + U∞12 |q|2F
ρFη +
U∞
12
|q|2
F
1
2
F − ρFρ + U
∞
22
|q|2
F
 , (5.400)
with inverse
U
ij
=
1
det(U ij)
 12F − ρFρ + U∞22 |q|2F −ρFη − U∞12 |q|2F
−ρFη − U
∞
12
|q|2
F
1
2
F + ρFρ +
U∞
11
|q|2
F
 . (5.401)
This modified metric is more suitable for physical purposes, but do not correspond to a
Calderbank-Pedersen base and this show that the converse of the Swann theorem is not neces-
sarily true.
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5.2 Supergravity solutions related to hyperkahler manifolds
The hyperkahler spaces defined by (5.391), (5.392), (5.395), (5.396) and (5.397) can be extended
to 11-dimensional supergravity solutions and to IIA and IIB backgrounds by use of dualities.
This section present them following mainly [138], more details can be found there and in
references therein.
We consider D = 11 supergravity solutions with vanishing fermion fields and Fµναβ . Such
solutions are of the form
g = g(E2,1) + Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj), (5.402)
that is, a direct sum of the flat metric on R3 and an hyperkahler space in eight dimensions. If
all the fields in 11 dimensional supergravity are invariant under the action of an U(1) Killing
vector then the 11-dimensional supergravity can be reduced to the type IIA one along the
isometry. In order to make such reduction we should write the 11-dimensional metric (5.402)
as [179]
g = e−
2
3
ϕ(x)gµν(x)dx
µdxν + e
4
3
ϕ(x)(dy + Cµ(x)dx
µ)2, (5.403)
A11 = A(x) +B(x) ∧ dy. (5.404)
The field A11 is the 3-form potential and x
µ are the coordinates of the D=10 spacetime. The
NS ⊗ NS sector of the IIA supergravity is (φ, gµν , Bµν) and the R ⊗ R sector is (Cµ, Aµνρ).
After reduction of (5.402) along the isometry t1 = ϕ we find that the the non-vanishing fields
are
g10 = (
U11
detU
)2[g(E2,1) + Uijdx
i · dxj ] + ( 1
U11 detU
)1/2(dθ + A1)
2, (5.405)
φ =
3
4
log(U11)− 3
4
log(detU), (5.406)
C = A2 − U12
U11
(dθ + A1). (5.407)
The Killing spinor of the 11 dimensional supergravity was also independent of t1 and the reduced
spinor is again a IIA Killing spinor.
The field φ is independent of θ and C satisfies £kC = 0 . Then one can use T-duality rules
to construct a IIB supergravity solution [51]
g = [gmn − g−1θθ (gmθgnθ − BmθBnθ)]dxmdxn + 2g−1θθ Bθndθdxn + g−1θθ dθ2 (5.408)
B˜ =
1
2
dxm ∧ dxn[Bmn + 2g−1θθ (gmθBnθ)] + g−1θθ gθmdθ ∧ dxm (5.409)
φ˜ = φ− log(gθθ) (5.410)
where the tilde indicates the transformed fields. The restrictions
B = 0, ikA = 0,
gives the T-dual fields
l = Cθ
B′ = [Cmn − (gθθ)−1Cθgθm]dxm ∧ dθ, (5.411)
ikD = A,
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where l is the IIB pseudoscalar, B′ is the Ramond-Ramond 2-form potential and D is the IIB
4-form potential. The non vanishing IIB fields resulting from the application of the T-duality
are
g10 = (detU)
3/4[(detU)−1g(E2,1) + (detU)−1Uijdx
i · dxj + dθ2], (5.412)
Bi = Ai ∧ dθ, (5.413)
τ = −U12
U11
+ i
√
det(U)
U11
, (5.414)
where
τ = l+ ie−φB , B1 = B, B2 = B
′,
and g10 is the Einstein frame metric satisfying
g10 = e
−φB/2gIIB.
The examples that we have presented till know are obtained by use of the isometries of the
internal spaces. But more backgrounds can be obtained by reducing (5.402) along one of the
space directions E2,1 and it is obtained the IIA solution
g = g(E1,1) + Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj), (5.415)
with the other fields equal to zero. After T-dualizing in both angular directions it is obtained
g = g(E1,1) + UijdX
i · dXj,
B = Ai ∧ dti, (5.416)
φ =
1
2
log(detU),
where X i = xi, ti. This solution can be lifted to a D=11 supergravity solution
g11 = (detU)
2/3[(detU)−1g(E1,1) + (detU)−1UijdX
i · dXj + dθ2], (5.417)
F = Fi ∧ dti ∧ dθ. (5.418)
It is possible to generalize (5.402) to include a non vanishing 4-form F . The result is the
membrane solution
g = H−2/3g(E2,1) +H1/3[Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj)], (5.419)
F = ±ω(E2,1) ∧ dH−1, (5.420)
where H is an harmonic function on the hyperkahler manifold, i.e, satisfies
U ij∂i · ∂jH = 0.
We have seen in the last section that every entry of Uij is an harmonic function and so such H
can be generated with an hyperbolic eigenfunction F. After reduction along ϕ it is found the
following IIB solution
g10 = (detU)
3/4H1/2[H−1(detU)−1g(E2,1) + (detU)−1Uijdx
i · dxj +H−1dθ2], (5.421)
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Bi = Ai ∧ dθ, (5.422)
τ = −U12
U11
+ i
√
detU
U11
, (5.423)
ikD = ±ω(E2,1) ∧ dH−1. (5.424)
If instead (5.419) is dimensionally reduced along a flat direction it is obtained the IIA solution
g = g(E1,1) + Uijdx
i · dxj + U ij(dti + Ai)(dtj + Aj), (5.425)
B = ω(E1,1)H−1, (5.426)
φ = −1
2
log(H). (5.427)
A double dualization gives a new IIA solution
g = H−1g(E1,1) + UijdX
i · dXj, (5.428)
Bi = Ai ∧ dϕi + ω(E1,1)H−1, (5.429)
φ =
1
2
log(detU)− 1
2
log(H). (5.430)
The lifting to eleven dimensions gives
g11 = H
1/3(detU)2/3[H−1(detU)−1g(E1,1) + (detU)−1UijdX
i · dXj +H−1dθ2], (5.431)
F = (Fi ∧ dti + ω(E1,1) ∧ dH−1) ∧ dθ. (5.432)
All the backgrounds presented in this section can be constructed with a single F satisfying
(2.127), but the dependence on (xθ, xϕ) remains implicit.
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6. G2 toric metrics and supergravity backgrounds
If the Bryant-Salamon extension is applied to the Calderbank-Pedersen spaces the U(1) ×
U(1) isometry is preserved and the result is a toric G2 holonomy metric. In this subsection
the G2 holonomy metrics corresponding to the examples A and B of subsection 2.4.7 will be
constructed. We select such cases by simplicity, but the procedure could be applied to any
quaternion Kahler space as well. By use of the results of the preceding section we extend this
toric G2 holonomy metrics to vacuum configurations of the eleven dimensional supergravity
preserving at least one supersymmetry. Also type IIA backgrounds will be found by reduction
along one of the isometries.
It is straightforward to show that the explicit form of (2.245) when the base space (and, in
consequence, the total one) has torus symmetry is
g =
dr2
h(r)
+
r2
2
[Uφφdφ
2 + Uφψdφdψ + Uψψdψ
2 +Qφdφ+Qψdψ + gρρ(dη
2 + dρ2) +H ], (6.433)
where it has been defined
h(r) = 1− 4c/r4
U11 = gφφ + h(r)
u21(ρ
2 + η2) + (u2η + u3ρ)
2
2ρF 2
,
U22 = gψψ + h(r)
u21 + u
2
2
2ρF 2
,
U12 = U21 = gφψ + h(r)
(u21 + u
2
2)η + u2u3ρ
2ρF 2
,
Qφ = h(r)
1√
ρF
[u1(ηdu2 + ρdu3)− (u2η + u3ρ)du1 − u1(u3η − u2ρ)A1],
Qψ = h(r)[
u1du2 − u2du1 − u1u3A1√
ρF
],
H = h(r)[|d−→u |2 + (u21 + u22)(A1)2 − 2A1(u3du2 − u2du3)].
The second rank tensor gab is the metric of the base manifold. The product metric of (6.433)
with M4
g11 = ds
2
M+
dr2
h(r)
+
r2
2
[Uφφdφ
2+Uφψdφdψ+Uψψdψ
2+Qφdφ+Qψdψ+gρρ(dη
2+dρ2)+H ]. (6.434)
is a vacuum configuration of the eleven dimensional supergravity [26]. With the help of the
quantities
α1 =
U22Qφ − U12Qψ
detU
, α2 =
U11Qψ − U12Qφ
detU
,
h = H + U11α
2
1 + 2U12α1α2 + U22α
2
2,
φ1 = φ, φ2 = ψ,
the metric (6.434) is expressed in more simple manner as
g11 = ds
2
M4 +
dr2
h(r)
+
r2
2
[Uij(dφi + αi)(dφj + αj) + h].
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The last expression takes the usual form of the Kaluza-Klein anzatz
g11 = e
− 2
3
ϕDGµνdx
νdxµ + e
4
3
ϕD(dφ+ dxµCµ(x))
2. (6.435)
with the dilaton field and the RR 1-form defined by
ϕD =
3
4
log(
r2U11
2
),
C =
U12dψ +Qφ
U11
.
The usual reduction procedure [179] for(6.435) along φ1 gives the following IIA metric in the
string frame
gA = (
r2U11
2
)1/2{ds2M4 +
dr2
h(r)
+
r2
2U11
[detUdψ2+2(U11Qψ−U12Qφ)dψ−Q2φ+U11H ]}. (6.436)
The components of (6.436) are
gψϕ = (
r2U11
2
)1/2
r2
4U11F
√
ρ
h(r)[U11 sin
2(θ)− U12(ρ
2
sin(2θ) sin(ϕ) + η sin2(θ))]
gψθ = (
r2U11
2
)1/2
r2
4U11F
h(r)U12
√
ρ cos(ϕ)
gθθ = (
r2U11
2
)1/2[
r2h(r)
4
− r
2h2(r)
8U11ρF 2
ρ2 cos2(ϕ)]
gϕϕ = (
r2U11
2
)1/2[
r2h(r)
4
sin2(θ)− r
2h2(r)
8U11ρF 2
sin2(θ)(η sin(θ) + ρ cos(θ) sin(ϕ))2]
gϕθ = (
r2U11
2
)1/2
r2h2(r)
4U11F 2
sin(θ) cos(ϕ)(η sin(θ) + ρ cos(θ) sin(ϕ)),
where it have been introduced the spherical coordinates θ, ϕ through the relations
u1 = sin(θ) cos(ϕ), u2 = sin(θ) sin(ϕ), u3 = cos(θ).
The range of this coordinates is θ ∈ [0, π] and ϕ ∈ [0, 2π]; the other components of the metric
are identically zero.
The base metric (2.129) have a singularity at ρ→ 0. For this case it is obtained
U11 =
ρ2(1 + 3ρ) + η2(9 + 7ρ)
2ρ5
+ 2h(r)[
u21(ρ
2 + η2) + (u2η + u3ρ)
2
ρ4
] ∼ f(x
i)
ρ5
,
U22 =
8
ρ4
+ 2h(r)(
u21 + u
2
2
ρ4
) ∼ f(x
i)
ρ4
,
U12 = U21 =
8η
ρ4
+ h(r)[
(u21 + u
2
2)η + u2u3ρ
ρ4
] ∼ f(x
i)
ρ4
,
Qφ = h(r)
2
ρ2
[u1(ηdu2 + ρdu3)− (u2η + u3ρ)du1
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−u1(u3η − u2ρ)2dη
ρ
] ∼ f(x
i, dxi)
ρ3
,
Qψ = h(r)
1
ρ2
(u1du2 − u2du1 − u1u32dη
ρ
) ∼ f(x
i, dxi)
ρ3
,
H = h(r)[|d−→u |2 + 4(u21 + u22)
dη2
ρ2
− 4dη
ρ
(u3du2 − u2du3)] ∼ f(x
i, dxi)
ρ2
.
where xi denotes all the coordinates except ρ and the behaviour for short distances was evalu-
ated. The dilaton field is given explicitly as
ϕA =
3
4
log{r
2
2
[
ρ2(1 + 3ρ) + η2(9 + 7ρ)
2ρ5
] + r2h(r)[
u21(ρ
2 + η2) + (u2η + u3ρ)
2
ρ4
]} ∼ log(f(x
i)
ρ5
).
The expression for the R-R one form is
C =
2ρ{8η + h(r)[(u21 + u22)η + u2u3ρ]}dψ
ρ2(1 + 3ρ) + η2(9 + 7ρ) + 4ρh(r)[u21(ρ
2 + η2) + (u2η + u3ρ)2]
+
4ρ2h(r)[ρu1(ηdu2 + ρdu3)− ρ(u2η + u3ρ)du1 − 2u1(u3η − u2ρ)dη]
ρ2(1 + 3ρ) + η2(9 + 7ρ) + 4ρh(r)[u21(ρ
2 + η2) + (u2η + u3ρ)2]
∼ f(xi)ρ.
The components of (6.436) diverges in this case for short ρ,
gψϕ ∼ f(x
i)
ρ5
, gψθ ∼ f(x
i)
ρ4
, gθθ ∼ f(x
i)
ρ2
gϕϕ ∼ f(x
i)
ρ2
, gϕθ ∼ f(x
i)
ρ
.
The quaternionic space (2.130) is singular too in the limit ρ→ 0. Using it as a base space
gives
U11 =
8η4ρ2(19 + 5ρ) + 16η6(9 + 7ρ) + ρ6(1 + 35ρ) + 3η2ρ4(35 + 61ρ)
9ρ5(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4)
+8h(r)[
u21(ρ
2 + η2) + (u2η + u3ρ)
2
9ρ4(ρ2 − 4η2)2 ] ∼
f(xi)
ρ5
,
U22 =
64(4η4 + ρ4)
9ρ4(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4) + 8h(r)[
u21 + u
2
2
9ρ4(ρ2 − 4η2)2 ] ∼
f(xi)
ρ4
,
U12 = U21 =
32(8η5 − 4η3ρ2 + 3ηρ4)
9ρ4(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4) + 8h(r)[
(u21 + u
2
2)η + u2u3ρ
9ρ4(ρ2 − 4η2)2 ] ∼
f(xi)
ρ4
,
Qφ = 4h(r)
1
3ρ2(4η2 − ρ2){u1(ηdu2 + ρdu3)− (u2η + u3ρ)du1
−u1(u3η − u2ρ)[ 8η
ρ2 − 4η2dρ+
4(ρ2 − 2η2)
ρ(ρ2 − 4η2)dη]} ∼
f(xi, dxi)
ρ3
,
Qψ = h(r)
4
3ρ2(4η2 − ρ2){u1du2 − u2du1 − u1u3[
8η
ρ2 − 4η2dρ+
4(ρ2 − 2η2)
ρ(ρ2 − 4η2)dη]} ∼
f(xi, dxi)
ρ3
,
H = h(r){|d−→u |2 + (u21 + u22)[
8η
ρ2 − 4η2dρ+
4(ρ2 − 2η2)
ρ(ρ2 − 4η2)dη]
2 − 2[ 8η
ρ2 − 4η2dρ
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+
4(ρ2 − 2η2)
ρ(ρ2 − 4η2)dη](u3du2 − u2du3)} ∼
f(xi, dxi)
ρ
.
The dilaton field is expressed through the relation
e
4
3
ϕD =
r2
2
{8η
4ρ2(19 + 5ρ) + 16η6(9 + 7ρ) + ρ6(1 + 35ρ) + 3η2ρ4(35 + 61ρ)
9ρ5(ρ2 − 4η2)2(8η4 + 6η2ρ2 + 3ρ4)
+8h(r)[
u21(ρ
2 + η2) + (u2η + u3ρ)
2
9ρ4(ρ2 − 4η2)2 ]},
from where follows that
ϕD ∼ log(f(x
i)
ρ5
), ρ→ 0.
The behavior of the RR one-form at short distances results
C ∼ f(xi, dxi)ρ.
and the components of the IIA metric diverges as
gψϕ ∼ f(x
i)
ρ5
, gψθ ∼ f(x
i)
ρ4
, gθθ ∼ f(x
i)
ρ2
gϕϕ ∼ f(x
i)
ρ2
, gϕθ ∼ f(x
i)
ρ
.
A detailed analysis of the singularities of the backgrounds corresponding to the m-pole
solutions and their physical interpretation was given in [97] and [98], the interested reader
may consult those references. To finish we recall that the toric G2 spaces presented here are
not unique, other toric examples were also constructed in [176] and match for application to
M-theory as well by an procedure analog of those presented here.
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7. Conclusion
The main results presented in this dissertation are the following
- We have shown that in d = 4 weak hyperkahler torsion structures are the same that hy-
percomplex structures and the same that the Plebanski-Finley conformally invariant heavens.
With the help of this identification we have found the most general local form of an hyperkahler
torsion space in four dimensions. We also presented an Ashtekar like formulation for them in
which to finding an hyperkahler torsion metric is reduced to solve a quadratic differential sys-
tem. We have shown that there exists more solutions than the Callan-Harvey-Strominger ones,
this are the structures for which it does not exist a preserved volume form. Some examples
with isometries have been constructed.
- It is found the most general form for the target space metric to the moduli space metric of
several (n > 1) identical matter hypermultiplets for the type-IIA superstrings compactified on
a Calabi-Yau threefold, near conifold singularities, even taking into account non-perturbative
D-instanton quantum corrections. The metric in consideration is ”toric hyperkahler” if we do
not take into account the gravitational corrections. This generalize the Ooguri-Vafa solution
and has been obtained by using essentially the same assumptions than them. Some new effects
related to interference between hypermultiplets have been presented, which do not hold in the
presence of a single hypermultiplet.
- It is constructed a family of toric hyperkahler spaces in eight dimensions by use of a
matematical relation called Swann extension, which relates quaternion Kahler and hyperkahler
spaces in different dimensions. The resulting hyperkahler space is expressed in a coordinate
system, for which it takes the generalized Gibbons-Hawking type. The solution was lifted to a
background of the eleven dimensional supergravity preserving certain ammount of supersym-
metry, with and without the presence of fluxes. Several type IIA and IIB backgrounds have
been found by reduction along a circle and by use of T-duality rules.
- It is constructed a family of Spin(7), G2 and weak G2 holonomy metrics. The result has
been lifted to a supergravity solution preserving one supersymmetry. The presence of a toric
symmetry allows a reduction to type IIA backgrounds by usual reduction along one of the
Killing vectors.
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A Supersymmetric sigma models
In this section we sketch why strong torsion hyperkahler geometry is the target space metric
of N = 4 supersymmetric sigma models [44]. Sigma models in dimension two are described by
Lagrangians of the form
Ib = − 1
2π
∫
d2x[gAB(ϕ)∂µϕ
A∂µϕB + bAB(ϕ)ǫ
µν∂µϕ
A∂νϕB], (1.437)
being gAB an arbitrary metric tensor
7. The fields ϕA are bosonic (A = 1, ..., d) depending on the
two coordinates xi (i = 1, 2). This mean that ϕA parameterize two-cycles on a d-dimensional
target manifold M with a metric gAB. The second term is a Wess-Zumino-Witten type term.
If we want to make the supersymmetric extension of (1.437) we need to include a number
of fermion degrees equal to the number of the boson ones. Thus we need to introduce a set of
spinors ψ′A and consider a supersymmetry transformation which on general grounds should be
of the form
δϕA = ε1J
A
Bψ
′B (1.438)
being J some (1, 1) tensor. We still have the freedom to make the redefinition ψ′B = (J−1)BAψ
A
in (1.438) and consider the transformation
δϕA = ε1ψ
A (1.439)
The N = (1, 0) supersymmetric extension of (1.437) is [53]
Isb = − 1
2π
∫
d2x[gAB(ϕ)∂µϕ
A∂µϕB + bAB(ϕ)ǫ
µν∂µϕ
A∂νϕB + ψ
A
γµDµψ
BgAB], (1.440)
where the spinors ψA are right-handed and ε is left-handed and we have defined the covariant
derivative
Dµψ
A = ∂µψ
A +ΥABCψ
B∂µϕ
C ,
ΥABC = Γ
A
BC +
1
2
TABC
being ΓABC the Christofell symbols of the Levi-Civita connection for gAB. The torsion form
TABC is entirely defined in terms of the Wess-Zumino-Witten potential bAB as
2TABC = −3b[AB,C] ⇐⇒ dT = 0. (1.441)
The indices A,B are lowered and raised through the metric gAB. The action (1.440) is invariant
under (1.439) and
δψA = γµ∂µϕ
Aε− ψBεSABCψC . (1.442)
The tensor SABC is constrained by supersymmetry arguments to be skew symmetric and co-
variantly constant
SABC;D = SABC,D − 3SE[ABΥEC]D = 0.
7In the main text we have used latin indices (a,b,..) as flat and greek indices (α, β,..) as curved. Instead
in this appendix capital latin indices (A,B,..) are curved, we use capital latin indices and not greek in order to
not confuse them with the greek indices used to denote space-time derivates ∂µ or gamma matrices γ
µ.
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The presence of a covariantly constant 3-form gives a new restriction on the manifold. On
group manifolds this condition has solution and S can be choose proportional to T [53]. We
find the commutator
[δ, δ′]ϕA = ε′γµε(2∂µϕ
A − ψBγµSABCψC), (1.443)
and correspond to the usual supersymmetry algebra without the presence of central charges.
Let us consider now the problem to construct an N = (2, 0) supersymmetric extension of
(1.437). For this purpose we should impose a new supersymmetry transformation to (1.440)
without spoiling (1.439) and (1.442). As we saw the general supersymmetry variation for ϕA
is of the form
δ1ϕA = ε1(J
1)ABψ
B, (1.444)
being J1 certain (1, 1) tensor. Due to the invariance of (1.440) with respect to the other
symmetry (1.442) we have to impose
Isb(ϕ, J
1ψ) = Isb(ϕ, ψ). (1.445)
Formula (1.445) implies that
gAB(J
1)BC + (J
1)BAgBC = 0, (1.446)
and then the metric is hermitian with respect to the tensor J1. Condition (1.445) also implies
that
DA(J
1)BC = 0 =⇒ (J1)[AB,C] = −2(J1)D[ATB,C]D. (1.447)
This mean that J1 is covariantly constant with respect to the connection with torsion. The
compatibility condition of (1.447) is
(J1)AER
E
BCD = R
A
ECD(J
1)EB, (1.448)
and more generally the tensor J1 commute with all the generators of the holonomy group. The
new supersymmetry transformations result
δ1ϕA = ε1(J
1)ABψ
B.
δ1ψA = γµ∂µϕ
B(J1)ABε1 − [(J1)ADΥDBE(J1)EC + (S1)ABC ]ψBε1ψC . (1.449)
The tensor (S−)
A
BC is not determined by other quantities. The commutator of the two super-
symmetries acting over ϕA is
[δ, δ1]ϕA = ε1γµε1[(J
1)AB + (J
1)BA]∂µϕ
B
+ε1γµε1ψ
B
γµψ
C(J1)ADN
D
BC , (1.450)
plus terms depending on (S1)
A
BC . Then the usual supersymmetric algebra holds if (1.450) is
zero and this implies that
(J1)AB + (J
1)BA = 0, N
C
AB = 0, (S1)
A
BC = 0. (1.451)
The first equation (1.451) together with (1.446) implies that J1 is an almost complex structure
and therefore the dimension of the target manifold should be even (d=2n). The second (1.451)
show that J1 is integrable. The metrics gAB for which (1.447) and (1.451) hold are Kahler
torsion. We conclude that N = 2 supersymmetric sigma models occur on Kahler torsion
manifolds.
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If there is a third supersymmetry corresponding to another complex structure J2 and to a
parameter ε2 then it is obvious that the previous reasoning is true and the properties (1.446),
(1.447) and (1.451) hold for J2. But we obtain new restrictions by requiring that the transfor-
mation corresponding to ε1 and ε2 close to a supersymmetry. The algebra
[δ(ε1), δ(ε2)]ϕ
A = 2εi2γ
µεj1δij∂µϕ
A (1.452)
(which correspond to (1.443) with SABC = 0) is obtained if and only if
J i · J j + J j · J i = δijI (1.453)
N ij(X, Y ) = [X, Y ] + J i[X, J jY ] + J i[J jX, Y ]− [J iX, J jY ] = 0. (1.454)
N ij(X, Y ) is known as the mixed Niejenhuis tensor.
Let us define the tensor J3 = J1 · J2 for a N = (3, 0) supersymmetric sigma model. It
follows from (1.453) that
(J3)2 = −I
and therefore J3 is also an almost complex structure. It is direct to check
J i · J j = −δij + ǫijkJk. (1.455)
The integrability of J1 and J2 implies the integrability of J3 and (1.454). Also (1.447) for J1
and J2 implies that
DA(J
3)BC = 0. (1.456)
Therefore N = (3, 0) supersymmetry implies N = (4, 0) supersymmetry for sigma models and
from (1.454), (1.441), (1.447) and (1.455) it follows that the target metric gAB of a N = (4, 0)
supersymmetric sigma model is always strong hyperkahler torsion. If the form bAB is zero, then
the geometry presented here reduce to the usual Kahler and hyperkahler ones.
The weak cases are also of interest in the context of low energy heterotic string actions
because they contain a three form that is not closed due to a Green-Schwarz anomaly. For
more details of this assertions see [55]-[56], and for more applications of this geometry in the
construction of sigma models see [186]-[188].
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